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Devwudf w= Wkh ohf wxuh z klf k ir oorz v suhvhqwv d wkhr u| r i lp dj h vhj p hqwdwlr q edvhg r q
p d{ lp do sduwlwlr qlqj r i wkh vsdf h1 Wkh wh{ w f r p sulvhv wkuhh sduwv1 I luvwo| / wkh f hqwudo
wkhr uhp r i wkh sdshu +Wkhr uhp : , lghqwl� hv vhj p hqwdwlr q z lwk vr p h f odvvhv r i f r qqhf wlr qv1
Mxvwdv f r qqhf wlr qv/ wkh vhj p hqwdwlr qv f dq wkhq eh uhj ur xshg e| vxsuhp d dqg lq� p d1 Wkh
j hqhudolw| r i wkh wkhr uhp p dnhv lwydolg ir u dooixqf wlr qv iur p dq| vsdf h wr dq| r wkhu r qh1
Wz r sur sr vlwlr qv p dnh suhf lvh wkh DQG dqg RU f r p elqdwlr qv r i f r qqhf wlyh f ulwhuld1 Wkh
vhj p hqwdwlr q f odvvhv wxuq r xwwr eh lqghshqghqwr i wkhlu or f dwlr q lq wkh p hdvxulqj � hog/
dvvxp lqj wkdwd f r qyhqlhqwqhlj ker ukr r g lv h{ shulp hqwdoo| df f hvvleoh1

Wkh vhf r qg sduwuhylhz v ydulr xv vhj p hqwdwlr qv/ df f r uglqj dv wkh| lqyr oyh vhhgv r u qr w/
dqg dv wkh| kr og r q wkh lp dj h vsdf h r u r q ihdwxuhv vsdf hv1 Wkh| duh lqwur gxf hg lq wkh
iudp hz r un r i glj lwdoj hr p hwu| 1

Wkh wklug sduwlv ghyr whg wr � owhulqj dqg dqdo| vhv/ lq d p r uh uhvwulf whg iudp hz r un wkdq
suhylr xvo| / wkh qr wlr q r i d f r qqhf whg r shudwr u1 Vxfk r shudwr uv surylgh vhj p hqwdwlr qv z lwk
p r uh  h{ lelolw| 1 Klhudufklhv r i f r qqhf whg � owhuv duh exlow/ z kr vh wkh sduwlwlr qv lqf uhdvh z khq
j r lqj xs lq wkh s| udp lg/ dqg z khuh wkh ydulr xv ohyhov duh vwuxf wxuhg dv vhp l0j ur xsv1

Nh| z r ugv = vhj p hqwdwlr q/ p dwkhp dwlf do p r uskr or j | / f r qqhf wlr q/ f r qqhf wlyh f ulwhuld/
f r qqhf whg r shudwr uv1

4 Wkh vhj p hqwdwlr q f r qf hsw

414 F ulwhuld dqg vhj p hqwdwlr q

Lq lp dj h sur f hvvlqj / wkh h{ suhvvlr q %lp dj h vhj p hqwdwlr q%p hdqv wkdw/ j lyhq d ixqf wlr q i =
H :� $ W/ wkh vsdf h H lv sduwlwlr qhg lqwr }r qhv lq z klf k wkh ixqf wlr q i lv kr p r j hqhr xv/ lq
vr p h r swlp dovhqvh1 Wkhuh duh hvvhqwldoo| wz r z d| v ir u wklqnlqj wklv r swlp l}dwlr q sur eohp 1
Rqh r i wkhp dvvr f ldwhv qxp ehuv z lwk sduwlwlr qv dqg p dnhv wkh r swlp l}dwlr q kr og r q wkhvh
qxp ehuv1Wkh � uvwz d| / vdlg wr eh yduldwlr qdo 4̂5 /̀ dvvr f ldwhv wkh lp dj h z lwk dq hqhuj | z klf k
uhsuhvhqwv wkh dp r xqwr i lqir up dwlr q ohiwlq hdfk vp r r wk yhuvlr q r i wkh lp dj h1 Wkh p r vw
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idp r xv h{ dp soh r i wklv dssur df k z dv sur sr vhg e| G1P xp ir ug dqg M1Vkdk 4̂6`1Wkh vhf r qg
z d| df wv gluhf wo| r q wkh vhwr i doo sduwlwlr qv dqg h{ suhvvhv r swlp l}dwlr q lq wklv sduwlwlr q
vsdf h1 Hyhq wkr xj k lwlv qr wh{ solf lwo| ir up xodwhg/ r qh r i wkh wz r z d| v r iwhq xqghuolhv hdfk
sduwlf xodu doj r ulwkp / dqg vr p hwlp hv er wk r i wkhp 1 Wkh suhvhqwvwxg| lv ghyr whg wr wkh
vhf r qg dssur df k/ lwvxp p dul}hv wkh f r qwhqwr i wkh edvlf sdshu 5̂6` r q wkh vxemhf w/ z lwk vr p h
qhz uhvxowv +Q1E1wkh wkuhh ohwwhuv l� p hdq li dqg r qo| l i ,1

Gh� qlwlr q 4 Fulwhulr q= OhwH dqg Weh wz r duelwudu| vhwv dqg ohwI eh d idp lo| r i ixqf wlr qv
iur p H lqwr W1 D f ulwhulr q � r q f odvv I lv d elqdu| ixqf wlr q iur p I 
 S+H, lqwr i 3>4j
vxf k wkdw/ ir u hdf k ixqf wlr q i 5 I >dqg ir u hdf k vhwD 5 S+H,/ z h kdyh

hlwkhu � î >D` @4 +f ulwhulr q lv vdlg vdwlv� hg r q D,
r u � î >D` @3 +f ulwhulr q lv vdlg uhixwhg r q D,=

P r uhr yhu/ z h ghf lgh f r qyhqwlr qdoo| wkdw/ ir u dooixqf wlr qv/ doof ulwhuld duh vdwlv� hg r q wkh
hp sw| vhw/ l1h1

� î >>` @4 ; i 5 I =

I r u lqvwdqf h/ wkh f ulwhulr q z klf k lv vdwlv� hg li

{ 5 D> w� i +{ , +4,

z lwk w� { hg/ gh� qhv wkh wkuhvkr og f ulwhulr q dssolhg wr ixqf wlr q i 1
Olnhz lvh/ z khq vsdf h H lv p hwulf z lwk glvwdqf h g/ dqg ht xlsshg z lwk d f r qqhf wlr q F/ wkhq

wkh f r qqhf whg }r qhv D vxfk wkdw

{ >| 5 D , mi +{ , � i +| ,m� ng+{ >| ,>

| lhog wkh n0Olsvf klw} f ulwhulr q1

Vlqf h wkh lghd r i vhj p hqwdwlr q lqyr oyhv sduwlwlr qv/ z h z looeulh | uhf doowklv odvwqr wlr q1

Gh� qlwlr q 5 Sduwlwlr q = OhwH eh dq duelwudu| vhw1 D sduwlwlr q G r i H lv d p dsslqj { $
G+{ , iur p H lqwr S+H, vxf k wkdw
+l, ir u doo{ 5 H ={ 5 G+{ ,
+ll, ir u doo{ >| 5 H =G+{ , @G+| , r u G � +{ , _ G � +| , @B

G+{ , lv fdoohg wkh f odvv r i wkh sduwlwlr q dwsr lqw{ 1

D sduwlwlr q D lv vdlg wr eh � qhu +uhvs1 f rduvhu, wkdq d sduwlwlr q E z khq hdfk f odvv r i D
lv lqf oxghg lq d f odvv r i E1 Wklv r ughulqj uhodwlr q ohdgv wr d f r p sohwh odwwlf h vwuxf wxuh z khuh
wkh f r duvhvwhohp hqwkdv r qh f odvv r qo| / qdp ho| vhwH lwvhoi/ dqg wkh � qhvwsduwlwlr q kdv doo
wkh sr lqwv r i H dv f odvvhv1

J lyhq d idp lo| ~G � >l 5 Lj r i sduwlwlr qv/ wkh p dsslqj G r i H lqwr S+H, z klf k lv gh� qhg
yld lwv f odvvhv

G +{ , @_i G � +{ ,>l 5 Lj

j hqhudwhv r eylr xvo| d sduwlwlr q G z khuh ir u doo{ 5 H/ G +{ , lv wkh oduj hvwhohp hqwr i S+H,
wkdwlv f r qwdlqhg lq hdfk G � +{ ,1Wkhuhir uh/ G lv wkh lqi r i wkh G � / lq wkh vhqvh r i wkh sduwlwlr q
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I lj xuh 4= d, Vxsuhp xp r i wz r sduwlwlr qv>e, Vhj p hqwdwlr q r i U
�

e| p hdqv r i wkh  dw}r qhv
r i ixqf wlr q i 1

odwwlf h1 Wkh h{ suhvvlr q r i wkh vxsuhp xp lv p r uh f r p soh{ / dqg G @bG � p hdqv wkdwir u doo
{ dqg dq| l / f odvv G

�
+{ , lv wkh vp doohvwvhwwkdwlv d xqlr q r i f odvvhv G

�
+| ,>| 5 H +vhh I lj 1

4d,1 Lq 4̂8 /̀ Fk Ur qvh kdv suryhg wkdw{ dqg | ehor qj wr wkh vdp h f odvv r i wkh vxsuhp xp li
dqg r qo| li wkhuh lv d f kdlq r i f odvvhv iur p i G � +} ,>l 5 L>} 5 Hj ehj lqqlqj dw{ / hqglqj dw|
dqg olqnlqj wkhp 1

Wkh odwwlf h r i doosduwlwlr qv r i H lv qr wglvwulexwlyh +z klf k lv dq df wxdogudz edfn, / exwlw
kdv wkh xvhixosur shuw| wr eh vxs0j hqhudwhg1 Wkh vxs0j hqhudwr uv duh wkr vh sduwlwlr qv z kr vh
r qh f odvv dwp r vwlv qr wd vlqj ohwr q1 Wkhvh j hqhudwr uv vhuyh lq wkh sur r i r i wkh nh| wkhr uhp : /
dqg lq Sur sr vlwlr q 45 dp r qj r wkhuv1 Dq dowhuqdwlyh gh� qlwlr q r i d sduwlwlr qv lv sur sr vhg e|
I 1P h| hu lq 4̂4` lq whup v r i xowud0p hwulf v/ exwwkh qr wlr qv f r uuhvsr qglqj wr wkh vxsuhp xp /
r u wr wkh vxs0j hqhudwr uv duh qr whdvlo| wudf wdeoh1

I lj 1 4 ghslf wv d edvlf h{ dp soh r i vhj p hqwdwlr q1 Wkh lp dj h xqghuvwxg| lv uhsuhvhqwhg e|
ixqf wlr q i =H $ U z khuh H lv d vhwht xlsshg z lwk d f r qqhf wlr q1 I xqf wlr q i lv vhj p hqwhg
lqwr  dwdqg f r qqhf whg }r qhv z khq ir u dq| { 5 H>wkh f odvv G+{ , lv wkh oduj hvwf r qqhf whg
f r p sr qhqwr i H lqf oxglqj sr lqw{ dqg r q z klf k ixqf wlr q i lv f r qvwdqwdqg ht xdowr i +{ ,1

Doof ulwhuld gr qr wohqg wkhp vhoyhv wr vxfk p d{ lp xp sduwlwlr qlqj 1 Khuh duh wz r h{ dp sohv
r i d odfn r i vxsuhp xp 1 Vxssr vh/ � uvwo| / wkdwz h z lvk wr sduwlwlr q vsdf h H lqwr ydulr xv }r qhv/
f r qqhf whg r u qr w/ z khuh ixqf wlr q i lv Olsvf klw} z lwk sdudp hwhu n @ 41 Wz r qr q glvmr lqw
}r qhv D dqg E p d| yhu| z hooeh ir xqg/ vxf k wkdwwkh f ulwhulr q lv vdwlv� hg r q D dqg r q E>
exwqr wr q D ^ E +vhh I lj 1 5d,1 Lq wklv f dvh/ wkhuh lv qr oduj hvw}r qh f r qwdlqlqj wkh sr lqwv r i
D dqg z khuh wkh f ulwhulr q eh vdwlv� hg1 Wkh Olsvf klw} f ulwhulr q gr hv qr w| lhog d vhj p hqwdwlr q1
Wkh vhf r qg f r xqwhu0h{ dp soh lv wkh f r qf huq r i f ulwhulr q

� î >D` @4 / v̂xsi i +{ ,>{ 5 Dj � lqi i i +{ ,>{ 5 Dj ` � n> +5,

z lwk n A 31 I lj 1 5e vkrz v wkdwr qh f dqqr wvhj p hqwd ixqf wlr q e| xvlqj lw+ir u n @3/ z h
p hhwdj dlq  dw}r qhv f ulwhulr q,1

Lq r wkhuz r ugv/ wkh sduwlwlr qv uhihuuhg wr z lwk d vhj p hqwdwlr q f r qf hswduh f rduvhvwr qhv/
l1h1 wkr vh kdylqj wkh oduj hvwf odvvhv1 Ehvlghv/ z h f dq doz d| v f r qvwuxf wd vp doohu sduwlwlr q/
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I lj xuh 5=d,Wklv ixqf wlr q lv Olsvf klw} lqvlgh vhwv D dqg E exwqr wlq wkhlu xqlr q>e, wkh udqj h
r i ixqf wlr q i lv vp doohu wkdq n lq hdf k r i wkh wz r vwhsv/ exwqr wlq wkhlu xqlr q1

qdp ho| wkh r qh wkdwuhgxf hv vsdf h S+H, r q doolwv vlqj ohwr qv i { j 1 Wkhvh uhp dunv vxj j hvwxv
wr uhsodf h wkh lqlwldogh� qlwlr q r i lp dj h vhj p hqwdwlr q e| d p r uh ir up doh{ suhvvlr q/ wkhuhir uh
p r uh suhf lvh1

Gh� qlwlr q 6 Vhj p hqwdwlr q=J lyhq d ixqf wlr q i 5 I / dq duelwudu| vhwD � H dqg d f ulwhulr q
� / ohwi G � +D,>l 5 Lj eh wkh idp lo| r i doosduwlwlr qv r i vhwD lqwr kr p r j hqhr xv }r qhv r i i
df f r uglqj wr � 1 Wkh f ulwhulr q � lv vdlg wr vhj p hqwwkh ixqf wlr q i z khq/

40 � î >i { j ` @4 ir u dooi { j 5 S+H,>
50 idp lo| i G � +D,j lv f or vhg xqghu vxsuhp xp 1
Wkhq wkh vxsuhp xp sduwlwlr q j G

�
+D, gh� qhv wkh vhj p hqwdwlr q r i i r yhuvhwD df f r uglqj

wr f ulwhulr q � =

Lq sduwlf xodu/ z khq vhwD f r lqf lghv z lwk wkh vsdf h H r i gh� qlwlr q r i i / wkhq j G � +H, lv wkh
p d{ lp xp sduwlwlr q r i wkh z kr oh vsdf h1 Lq wkh deryh n0Olsvf klw} f ulwhulr q lwlv suhf lvho| wklv
p d{ lp xp sduwlwlr q z klf k lv p lvvlqj 1 D{ lr p � î >i { j ` @4 hqvxuhv xv wkdwz kdwhyhu f ulwhulr q
lv f r qvlghuhg/ wkhuh lv doz d| v dwohdvwr qh z d| wr sduwlwlr q H lqwr } r qhv +wkh vlqj ohwr qv, wkdw
vdwlvi| lw1 Wklv lv d f r p sxovr u| f r qglwlr q wr eh deoh wr wkhq vshdn r i d oduj hvwsduwlwlr q1 Qr wh
wkdwwkh vhj p hqwdwlr q gr hv qr wkr og r q H r qo| / exwr q doovxevhwv r i H1 Wklv yhu| vshf l� f
ihdwxuh lv lqyr oyhg lq wkh f r xqwhu0h{ dp sohv r i I lj 17 dqg lq wkdwr i I lj 1461

415 Uhp lqghu r q vhwf r qqhf wlr q

Lq p dwkhp dwlf v/ wkh f r qf hswr i f r qqhf wlylw| lv ir up dol}hg lq wkh iudp hz r un r i wr sr or j lf do
vsdf hv dqg lv lqwur gxf hg lq wz r gl� huhqwz d| v1I luvw/ d vhwH lv vdlg wr eh f r qqhf whg z khq
r qh f dqqr wsduwlwlr q lwlqwr wz r qr q hp sw| f or vhg vhwv1 Wklv � uvwdssur df k/ ehf dxvh lwlv
yhu| j hqhudo/ gr hv qr wghulyh dgydqwdj h iur p wkh sr vvleoh uhj xodulw| r i vr p h vsdf hv/ vxf k
dv Hxf olghdq r qh1Lq vxf k d f dvh/ wkh qr wlr q r i duf z lvh f r qqhf wlylw| wxuqv r xwwr eh p r uh
f r qyhqlhqw1 Df f r uglqj wr wklv qr wlr q/ d vhwD lv f r qqhf whg z khq/ ir u hyhu| d>e 5 D/ wkhuh
h{ lvwv d f r qwlqxr xv p dsslqj # iur p 3̂>4` lqwr D vxfk wkdw#+3, @d dqg #+4, @e1 Duf z lvh
f r qqhf wlylw| lv p r uh uhvwulf wlyh wkdq wkh j hqhudor qh>krz hyhu/ lq U

�

er wk gh� qlwlr qv wxuq
r xwwr eh lghqwlf doir u wkh r shq vhwv1
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D edvlf uhvxowj r yhuqv wkh p hdqlqj r i f r qqhf wlylw| >qdp ho| / wkh xqlr q r i f r qqhf whg vhwv
z kr vh lqwhuvhf wlr q lv qr whp sw| lv vwloof r qqhf whg =

i D � f r qqhf whgj dqg i _D � 9@Ûj , i ^ D � f r qqhf whgj +6,

Khuh/ z h z loodgr swwkh qr q wr sr or j lf dodssur df k wr f r qqhf wlylw| ghyhor shg lq 4̂< /̀ z khuh
Ht 1+6, vhuyhv dv d vwduwlqj sr lqwdqg qr wdv d f r qvht xhqf h/ dqg wkh z r ug f r qqhf wlr q lv
lqwur gxf hg wr p dun wkh gl� huhqf h ir up wkh f odvvlf doqr wlr q r i f r qqhf wlylw|

Gh� qlwlr q 7 Fr qqhf wlr q = OhwH eh dq duelwudu| qr q hp sw| vsdfh1Z h fdoof r qqhf whg f odvv
r u f r qqhf wlr q F dq| idp lo| lq S+H, vxf k wkdw

+r , Û 5 F
+l, ir u doo{ 5 H/ i { j 5 F
+ll, ir u hdf k idp lo| i F � l 5 Lj lq F/ _ F � 9@Û lp solhv ^ F � 5 F1

Dq| vhwF r i d f r qqhf whg f odvv F lv vdlg wr eh f r qqhf whg/ dqg wkh hp sw| vhw/ dv z hoodv
wkh vlqj ohwr qv i { j >{ 5 H/ duh doz d| v f r qqhf whg1 Gh� qlwlr q 7 f r yhuv wkh wz r wr sr or j lf dor qhv/
dqg dovr wkh f odvvlf dof r qqhf wlylwlhv ir u glj lwdovsdf hv dqg ir u j udskv1 Exwqxp ehuv r i r wkhu
f r qqhf wlr qv f dq eh gh� qhg r q vhwH/ 5̂8 /̀ 4̂8 /̀ ;̂ `1 Wz r r i wkhp duh ghslf whg lq I lj 1 6/
qdp ho|

� J lyhq d sduwlwlr q G r i wkh vsdf h/ doowkh vxevhwv r i hdf k f odvv G+{ ,>{ 5 H/ r i wkh sdu0
wlwlr q j hqhudwh d idp lo| f or vhg xqghu xqlr q +̂4< /̀ f k15,1 Khqf h z h kdyh wkh f r qqhf wlr q

F @i D _ G+{ ,>{ 5 H>D 5 S+H,j

Wkh f r qqhf whg f r p sr qhqwdwsr lqw{ ht xdov wkh lqwhuvhf wlr q D _ G+{ , ehwz hhq D dqg wkh
f odvv r i wkh sduwlwlr q lq { 1 Wklv whfkqlt xh z looeh f r qvwdqwo| xvhg lq wkh qh{ wwkuhh vhf wlr qv>

� J lyhq dq h{ whqvlyh glodwlr q dqg d � uvw f r qqhf wlr q/ wkh f oxvwhuv r i glodwhg sduwlf ohv
j hqhudwh d vhf r qg ohyhof r qqhf wlr q1

Z khq d sr lqw{ 5 D lv � { hg/ d{ lr p +ll, r ulhqwv xv wrz dugv wkh +f r qqhf whg, xqlr q � � +D,
r i doof r qqhf whg f r p sr qhqwv f r qwdlqlqj { dqg lqf oxghg lq D

� � +D, @^ i F > F 5 F>{ 5 F � Dj = +7,

Wkh p dsslqj � � =D :� $ � � +D, iur p S+H, lqwr lwvhoi lv r eylr xvo| lqf uhdvlqj +D � E ,
�

�
+D, � �

�
+E ,, / dqwl h{ whqvlyh +�

�
+D, � D, dqg lghp sr whqw+�

�
�̂

�
+D,` @ �

�
+D, ,1 Lq

doj heud/ vxf k dq r shudwr u lv f doohg dq r shqlqj 1Wkh olqn ehwz hhq f r qqhf wlr q dqg r shqlqj / lv
p dgh p r uh suhf lvh e| wkh ir oorz lqj wkhr uhp +̂4<̀ / f k15,=

Wkhr uhp 8 Wkh gdwxp r i d f r qqhf whg f odvv F r q S+H, lv ht xlydohqwwr wkdwr i d idp lo|
i �

�
>{ 5 Hj r i r shqlqj v vxf k wkdw
+ll l , ir u doo{ 5 H/ z h kdyh �

�

+{ , @i { j
+ly, ir u dooD � H/ { >| 5 H/ � � +D, dqg � � +D, duh ht xdor u glvmr lqw
+y, ir u dooD � H/ dqg doo{ 5 H/ z h kdyh { @5 D , �

�
+D, @ Û=

Wkh �
�

�

v duh fdoohg wkh sr lqwf r qqhf whg r shqlqj v r i f r qqhf wlr q F 1
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I lj xuh 6=ohiw= Fr qqhf wlr q j hqhudwhg e| d sduwlwlr q +wkh olqhv,1 Wkh f r qqhf whg f r p sr qhqwr i
vhwD dwsr lqw{ lv wkh xqlr q r i wkh wz r glvmr lqweor ev r i D _ G � 1 Ulj kw= wkh sduwlf ohv r i
hdf k f oxvwhu ehor qj wr d vhf r qg ohyhof r qqhf wlr q1

Lq dgglwlr q/ hdf k �
�
/ dv dq r shqlqj r q S+H, / lv dq lqf uhdvlqj / dqwl0h{ whqvlyh dqg lghp 0

sr whqwr shudwr u1 Khuh duh wkuhh edvlf sur shuwlhv r i wkh vhwf r qqhf wlr qv 4̂< /̀ 4̂8 /̀ 5̂8`1

� Odwwlf h r i wkh F r qqhf wlr qv = Wkh vhwr i doof r qqhf wlr qv r q S+H, lv f or vhg xqghu
lqwhuvhf wlr q >lwlv hyhq d f r p sohwh odwwlf h lq z klf k wkh vxsuhp xp r i d idp lo| i F

�
l 5 Lj

lv wkh ohdvwf r qqhf wlr q f r qwdlqlqj ^ F� 1

� F r qqhf wlr q Sduwlwlr qlqj Wkhr uhp = OhwF eh d f r qqhf wlr q r q S+H, r i f r qqhf whg
r shqlqj v ~� � / { 5 Hj 1 I r u hdfk vhwD � H wkh r shqlqj v ~� � +D,/ { 5 Hj vxeglylgh D
df f r uglqj wr wkh oduj hvwsr vvleoh sduwlwlr q lqwr f r p sr qhqwv r i f odvv F 1 Wklv r shudwlr q
lv lqf uhdvlqj lq wkdwli D � D

�

/ wkhq dq| f r qqhf whg f r p sr qhqwr i D lv xsshu0er xqghg
e| d f r qqhf whg f r p sr qhqwr i D

�

1

� Lqf uhdvlqj qhvv = Li F dqg F
�

duh wz r f r qqhf wlr qv r q S+H, z lwk F � F
�

/ wkhq hyhu|
F

�

0f r p sr qhqwr i D lv wkh vxsuhp xp r i wkh F0f r p sr qhqwr i D wkdwlwxsshu0er xqgv

� %Duf v%=VhwD lv f r qqhf whg li dqg r qo| li ir u doosr lqwv | � dqg | � r i D r qh f dq � qg d
f r qqhf whg f r p sr qhqw\ lqf oxghg lq D/ wkdwf r qwdlqv | � dqg | � 1

Klvwr ulf doo| vshdnlqj / wkhqxp ehur i dssolf dwlr qvr ur i wkhr uhwlf doghyhor sp hqwvz klf k z dv
vxj j hvwhg +dqg shup lwwhg, e| Wkhr uhp 8 gxulqj wkh qlqhwlhv lv f r qvlghudeoh1Wkh uhihuhqf hv
4̂: /̀ 5̂: /̀ 9̂ /̀ dp r qj p dq| r wkhuv/ vkrz wkdwlwkdv r shqhg wkh z d| wr dq r emhf w0r ulhqwhg
dssur df k wr vhj p hqwdwlr q/ f r p suhvvlr q dqg xqghuvwdqglqj r i vwloodqg p rylqj lp dj hv1

416 F r qqhf wlyh f ulwhuld dqg vhj p hqwdwlr q wkhr uhp

Z kdwduh wkh f r qglwlr qv wkdwd f ulwhulr q � p xvwvdwlvi| wr eh d vhj p hqwdwlr q wr r oB Wkh qhhg
ir u oduj hvwsduwlwlr qv r ulhqwv xv wrz dugv d f r qqhf wlr q edvhg dssur dfk/ yld wkh f r qf hswr i d
f r qqhf wlyh f ulwhulr q1

Gh� qlwlr q 9 Fr qqhf wlyh f ulwhulr q1 D f ulwhulr q � = I 
 S+H, $ i 3>4j lv f r qqhf wlyh z khq
ir u hdf k i 5 I wkh vhwv D vxf k wkdw� +i >D, @4 ir up d f r qqhf wlr q/ l1h1 z khq

9



40 � lv vdwlv� hg r q wkh f odvv V r i wkh vlqj ohwr qv dqg e| wkh hp sw| vhw/

; i 5 I > i { j 5 V @, � +i >i { j , @4

50 dqg z khq ir u dq| ixqf wlr q i 5 I dqg ir u doo idp lolhv i D
�
j r i S+H, ir u z klf k wkh

f ulwhulr q � lv vdwlv� hg>z h kdyh

_D � 9@> dqg a � +i >D � , @4 , � +i >̂ D � , @4= +8,

Lq r wkhu z r ugv/ z khq d f r qqhf wlyh f ulwhulr q � lv vdwlv� hg e| d ixqf wlr q i r q d idp lo|
i D � j r i uhj lr qv r i wkh vsdf h/ dqg li doowkhvh uhj lr qv kdyh r qh f r p p r q sr lqw/ wkhq lwlv dovr
vdwlv� hg r q wkh xqlr q ^ D � 1 D }r qh D lv vdlg wr eh kr p r j hqhr xv df f r uglqj wr i dqg � z khq
� +i >D, @4=Vlp loduo| / z khq � î >G+{ , ` @4 ir u doowkh f odvvhv G+{ ,>{ 5 H r i d sduwlwlr q G/
wkhq G lv vdlg wr vdwlvi| / r u wr ixo� oo f ulwhulr q � 1 Wkh qr wlr q r i d f r qqhf wlyh f ulwhulr q gr hv
qr wvwduwiur p sduwlwlr qv/ exwr qo| iur p vhwv/ dqg uhvxowv lq sduwlwlr qlqj doovhwv/ dv z h z loo
vhh qrz 1

Wkh ir oorz lqj nh| wkhr uhp / z klf k lv dq h{ whqvlr q r i wkh deryh f r qqhf wlr q sduwlwlr qlqj
wkhr uhp / f kdudf whul}hv wkh vhj p hqwdwlr q sur f hvvhv e| lghqwli| lqj wkhp z lwk f odvvhv r i f r q0
qhf wlr qv 5̂6`1

Wkhr uhp : Fr qvlghu wz r duelwudu| vhwv H dqg W/ dqg d idp lo| I r i ixqf wlr qv i =H $ W
dqg ohw� eh d f ulwhulr q r q f odvv I 1 Wkhq wkh wkuhh ir oor z lqj vwdwhp hqwv duh ht xlydohqw=

41 Fulwhulr q � lv f r qqhf wlyh>

51 I r u hdf k ixqf wlr q i 5 I / wkr vh vhwv r q z klf k f ulwhulr q � lv vdwlv� hg j hqhudwh d f r qqhf 0
wlr q F

F @i D mD 5 S+H, dqg � î >D` @4j = +9,

61 Fulwhulr q � vhj p hqwv dooixqf wlr qv r i wkh idp lo| I 1

Lq sduwlf xodu/ wkh vhj p hqwdwlr q r i ixqf wlr q i r yhu wkh z kr oh vhwH dqg df f r uglqj wr wkh
f r qqhf wlyh f ulwhulr q � lv wkh sduwlwlr q G � z kr vh f odvv dwsr lqw{ lv j lyhq e|

G � +{ , @^ i D =D 5 S+H,> { 5 D>� +i >D, @4j { 5 H= +: ,

Uhp dun wkdwWkhr uhp : f r xog qr weh vwdwhg e| p hdqv r i wkh f odvvlf doduf z lvh f r qqhf wlylw|
r qo| = r qh f dq hdvlo| � qg vhj p hqwdwlr q f ulwhuld wkdwgr qr wlqyr oyh sdwkv/ vxf k dv wkh mxp s
f r qqhf wlr q suhvhqwhg ehorz 1 Dv d p dwwhu r i idf w/ wkh p r uh j hqhudof r qf hswr i d f r qqhf wlr q lv
h{ df wo| ulj kwir u wkh wkhr uhp wr z r un1

F1Ur qvh +shuvr qdof r p p xqlf dwlr q, sur sr vhv d ir up xodwlr q r i Wkhr uhp : wkdwe| sdvvhv
ixqf wlr q i lq wkh ir oorz lqj p dqqhu1 OhwF eh d vxevhwr i S+H,/ dqg G+F>H, wkh vhwr i doo
sduwlwlr qv z kr vh doo f odvvhv ehor qj wr F1 Wkhq F lv d f r qqhf wlr q li dqg r qo| li G+F>H, lv
f or vhg xqghu wkh vxsuhp xp / lq wkh odwwlf h r i doosduwlwlr qv r i H1 Z kdwhyhu wkh suhvhqwdwlr q

:



eh +z lwk r u z lwkr xwixqf wlr q i , / wkh vwuhqj wk r i Wkhr uhp : olhv lq wkdwlwsurylghv dq| vxe0
vsdfh D � H +dqg qr q r qo| r i wkh z kr oh vsdf h, z lwk d oduj hvwsduwlwlr q/ vlqf h wkh vhwH
lqyr oyhg lq wkh wkhr uhp lv duelwudu| 1 Ht xlydohqwo| / j lyhq dq| sduwlwlr q G r i H/ wkdwlv qr w
dvvxp hg wr ehor qj wr wkh idp lo| j hqhudwhg e| f ulwhulr q � / wkh wkhr uhp dvvr f ldwhv d oduj hvw
sduwlwlr q G

�

r i wkh idp lo| dqg vxfk wkdwG
�

� G1 D f r qwudulr / wklv wkhr uhp ehf r p hv idovh li
z h vd| wkdw%F lv wkh vhwr i doof odvvhv r i d idp lo| r i sduwlwlr qv f or vhg xqghu wkh vxsuhp xp %/
ehf dxvh wkhq doosr vvleoh sduwlwlr qv z lwk f odvvhv lq F duh qr or qj hu wdnhq lqwr df f r xqw1 Wkdw
z ur qj uhdglqj p d| f dxvh huur uv1

Wkhr uhp : ehor qj v wr wkh f dwhj r u| r i j r 0ehwz hhqv iur p dq devwudf wgh� qlwlr q/ kdug wr
lp sohp hqw+p xvwz h f dof xodwh doosduwlwlr qv ir u fkhfnlqj z khwkhu wkhuh lv d oduj hu r qhB, dqg
d p r uh � or f do� qr wlr q z klf k ehwwhu ohqgv lwvhoi wr hdv| ydolgdwlr qv1 Exwlwgr hv qr wsurylgh
e| lwvhoi dq| uhf lsh wr � qg qlf h f r qqhf wlyh f ulwhuld1

417 F odvv s hup dqhqf |

Vr p hwlp hv/ wkh vhwH ryhu z klf k ixqf wlr q i lv gh� qhg lv nqrz q wkur xj k uhodwlyho| vp doo
z lqgrz v/ f doohg p dvnv1 D w| slf doh{ dp soh lv j lyhq e| wkh wudyholqj r i d WY f dp hud1 Wkhq d
vdp h r emhf wV wkdwz h z lvk wr vhj p hqwp d| dsshdu lqvlgh wz r glvwlqf wp dvnv/ \ dqg ] vd| 1
Exwduh z h vxuh wkdwli d vhj p hqwhg r emhf wolhv lq wz r gl� huhqwp dvnv/ lwh{ klelwv wkh vdp h
f r qwr xu dwer wk sodf hvB

Sur s r vlwlr q ; Fodvv shup dqhqf | 1 Fr qvlghu d f r qqhf wlyh f ulwhulr q � / d ixqf wlr q i / wz r
p dvnv \ dqg ] r i H/ dqg d sr lqw{ 5 \ _ ] 1 OhwG � +\ , +uhvs1G � +] , , eh wkh vhj p hqwhg f odvv
r i \ +uhvs1r i ] , dwsr lqw{ 1 Wkhvh wz r f odvvhv duh ht xdo/ l1h1

G � +\ , @G � +] , +; ,

ir u doo{ 5 H dqg doo\ >] 5 S+H, li dqg r qo| l i G � +] , lv ylvleoh lq \ dqg G � +] , lv ylvleoh
lq ] l1h1

G � +\ , � ] dqg G � +] , � \ +<,

Qr whwkdwlq wkhdowhuqdwlyhdssur df k/ z khuhd ixqf wlr qdolvp lqlp l}hg ryhuhdfk p dvn/ r qh
uxqv wkh ulvn wr j hqhudwh wz r gl� huhqwf r qwr xuv ir u V/ df f r uglqj wr wkh p dvn1 Dq lqvwuxf wlyh
f dvh dulvhv z khq z h wdnh ir u vhw\ wkh z kr oh vsdf h H1 Wkh deryh sur sr vlwlr q vwdwhv wkhq
wkdwwkh or f dovhj p hqwdwlr q G � +] ,> lq p dvn ] / ht xdov wkh ryhudoo r qh/ G � +H,>dv vr r q dv
G � +H, � ] 1 Vxfk d uhvxowwxuqv r xwwr eh p r uh ir up dowkdq sudf wlf do/ vlqf h wkh sur eohp
r f f xuv suhf lvho| z khq z h f dqqr wdf f hvv i r yhuwkh z kr oh vhwH1 Wkh h{ wudsr odwlr q iur p or f do
wr j or edouht xluhv wkdwf ulwhulr q � eh f r qglwlr qdoo| ghf uhdvlqj 1

Gh� qlwlr q < D f r qqhf wlyh f ulwhulr q � r q d ixqf wlr q i =U � $ W +W dq duelwudu| vhw, lv
vdlg wr eh f r qglwlr qdoo| ghf uhdvlqj z khq

41 hyhu| f odvv vhj p hqwhg df f r uglqj wr � lv duf z lvh f r qqhf whg>

;



51 Z khq � +i >D, @4 dqg E � D/ z khuh vhwE lv duf z lvh f r qqhf whg/ wkhq � +i >E, @4

Vxfk d ghf uhdvlqj qhvv lv qr wdoz d| v wuxh1 I r u h{ dp soh/ lwlv vdwlv� hg e| er wk f ulwhuld r i
f r qqhf whg  dw}r qhv dqg vp r r wk f r qqhf wlr q/ exwqr we| wkdwr i t xdvl0 dw}r qhv1 Krz hyhu/
z khq lwlv vdwlv� hg z h f dq vwdwh wkdw

Sur s r vlwlr q 43 Ohw� eh d f r qglwlr qdoo| ghf uhdvlqj f r qqhf wlyh f ulwhulr q r q d ixqf wlr q i =
U � $ W/ ohw] eh d vhwlq U � dqg { 5 U � 1 Li wkh vhj p hqwhg f odvv G � +] , r i ] dwsr lqw{ lv
vwulf wo| lqf oxghg lq p dvn ] l1h1 li wkhuh h{ lvwv dq %A 3 vxf k wkdw

G � +] , � %
�

E � ] > +43,

wkhq lwlv ht xdowr wkh f odvv dwsr lqw{ ir u wkh r yhudoovsdfh U �

G � +] , @G � +U � ,=

418 Odwwlf h r i wkh f r qqhf wlyh f ulwhuld

Z h qrz f r qvlghu d I dv � { hg dqg z h vwxg| wkh or j lf dovwuxf wxuh r i wkh ydulr xv f r qqhf wlyh
f ulwhuld z h f dq dsso| wr doo i 5 I 1 Wkh f odvv 	 r i doowkhvh f r qqhf wlyh f ulwhuld lv r ughuhg
e| wkh r ughulqj r i wkh f r qqhf wlr qv wkh| lqgxf h r q vsdf h S+H,/ dqg wklv r ughulqj | lhogv d
f r p sohwh odwwlf h z khuh wkh lq� p xp lv qr wklqj exwwkh or j lf dolqwhuvhf wlr q1 P r uh suhf lvho|

Sur s r vlwlr q 44 Wkh idp lo| 	 r i doof r qqhf wlyh f ulwhuld r q I ir up v dq f r p sohwh odwwlfh1 Lq
wklv odwwlfh/ wkh lq� p xp r i d idp lo| i � � / l 5 Lj f r uuhvsr qgv idp lo| wr wkh or j lfdolqwhuvhf wlr q
r i wkh f ulwhuld>wkh vxsuhp xp lv wkh vp doohvwf r qqhf wlyh f ulwhulr q oduj hu wkdq hdf k �

�
/ l 5 L1

Wkh vp doohvwhohp hqw� ����� r i odwwlf h 	 lv wkdwz klf k lv ixo� oohg e| wkh vlqj ohwr qv r qo| / dqg
wkh oduj hvwhohp hqw� ���	� wkdwz klf k lv vdwlv� hg e| dooD 5 S+H,1 Qrz wkh wz r f r uuhvsr qglqj
f r qqhf wlr qv duh suhf lvho| wkh wz r h{ wuhp d r i wkh odwwlf h r i doof r qqhf wlr qv r q S+H,1 Wkhuhir uh
z h f dq vwdwh

F r ur oodu| 45 Odwwlfh 	 lv d f r p sohwh vxe0odwwlfh r i wkh odwwlfh r i doof r qqhf wlr qv r q S+H,1

Fr qvlghu Sur sr vlwlr q 44 iur p wkh sr lqwr i ylhz r i wkh sduwlwlr qv1 Z h kdyh vhhq wkdwd
sduwlwlr q G � lv vp doohu wkdq dqr wkhu/ G � � G 
 vd| / z khq wkh f r uuhvsr qglqj f odvvhv dwhdfk
sr lqw{ 5 H vdwlvi| wkh lqf oxvlr q

G � +{ , � G 
 +{ , { 5 H /

wkhuhir uh/ z h kdyh � � � � 
 li dqg r qo| li G � � G 
 1 Krz hyhu/ wz r lvr p r usklf r ughulqj v p d|
qr w| lhog lvr p r usklf odwwlf hv/ dqg lq wkh f xuuhqwf dvh wkh vhj p hqwhg f odvv G � +{ , r i � @a� �

dwsr lqw{ p d| qr wf r lqf lgh z lwk _G � +{ , / dowkr xj k wkh vhw_G � +{ , lv wkh f odvv +dwsr lqw{ ,
r i wkh lq� p xp r i dooj uhdwhvwsduwlwlr qv G � dvvr f ldwhg z lwk wkh � � f ulwhuld1 P r uh suhf lvho| /
z h kdyh wkdw

G � +{ , @
^

i E m{ 5 E>
a

� � î >E ` @4j

�
^

i E m{ 5 E> � � î >E ` @4j @G � +{ , ir u doo l 5 L=

<



I lj xuh 7= d, d el0f r or xuhg ixqf wlr q kdv ehhq wkuhvkr oghg1 Wkh hoolsvh +uhvs1 f uhvfhqw, lv wkh
f r qqhf whg f r p sr qhqwr i wkh uhg +uhvs1 j uhhq, wkuhvkr og dwsr lqw{>e, j lyhq d ixqf wlr q i dqg
d ydoxh d/ d yhuwlfdo+uhvs1 kr ul}r qwdo, olqh lv d f r qqhf whg f r p sr qhqwli lwkdv r qh sr lqw| dw
ohdvwz khuh i +| , � d1

Dv wklv lqf oxvlr q lv wuxh ir u doo l 5 L>z h � qdoo| r ewdlq

G � +{ , � _ � G � +{ , +44,

l1h1 wkh j uhdwhvwsduwlwlr q G � dvvr f ldwhg z lwk a� � lv vp doohu wkdq wkh lq� p xp i G � r i wkh
j uhdwhvwsduwlwlr qv dvvr f ldwhg z lwk hdfk f ulwhulr q � � 1

I lj 1 7 ghslf wv wz r h{ dp sohv z klf k vkrz wkdwLqf oxvlr q +44, p d| eh vwulf w1 Lq wkh � uvw
h{ dp soh/ z h kdyh wr ghdoz lwk d f r or xulp dj h/ lq UJ E uhsuhvhqwdwlr q/ lq wkh Hxf olghdq sodqh1
D � uvwf ulwhulr q h{ wudf wv wkh duf z lvh f r qqhf whg f r p sr qhqwv r i wkh sodqh z khuh wkh uhg edqg
lv deryh Wkuhvkr og u� +soxv wkh vlqj ohwr qv,1 Wklv j lyhv wkh hoolsvh r i I lj 1 7d1 D vhf r qg
f ulwhulr q df wv vlp loduo| ir u wkh j uhhq edqg/ z klf k uhvxowv lq wkh f uhvf hqw1 Wkh lq� p xp r i
wkh wz r f ulwhuld f r uuhvsr qgv wr wkh duf z lvh f r qqhf whg f r p sr qhqwv z khuh er wk uhg dqg j uhhq
edqgv duh deryh wkhlu uhvshf wlyh wkuhvkr ogv>wkh f odvv G � +{ , r i wkh lq� p xp dwsr lqw{ lv wkh
vhwE/ z klf k lv vwulf wo| vp doohu wkdq wkh lqwhuvhf wlr q D ^ E r i wkh wz r uhg dqg j uhhq f odvvhv
dwwkh vdp h sr lqw{ 1

Wkh vhf r qg h{ dp soh lv wkh f r qf huq r i r uwkr j r qdo sur mhf wlr qv +vhh I lj 1 7e,1 J lyhq d
qxp hulf doixqf wlr q i lq U � dqg d qxp ehu d/ sxw� � î >E ` @4 li E lv d vlqj ohwr q/ r u li E lv
duf z lvh f r qqhf whg/ dqg li hdfk | 5 E ehor qj v wr d yhuwlf dovwudlj kwolqh G � � E z khuh r qh
f dq � qg d sr lqw} 5 G � z lwk i +} , � d1 Fulwhulr q � � lv f r qqhf wlyh/ dv z hoowkh ht xlydohqw
r qh/ � � vd| / ir u kr ul}r qwdoolqhv1 Li wkh wz r sduwlwlr qv G

�
dqg G � kdyh qr wwkh z kr oh sodqh

dv xqlt xh f odvv/ wkhq G � +uhvs1G � , lv f r p sr vhg r i yhuwlf do+uhvs1 kr ul}r qwdo, vwulshv/ dqg wkh
f odvvhv r i G � i G � ir up uhf wdqj ohv/ z khuhdv wkh sduwlwlr q G � dvvr f ldwhg z lwk � � a � � lv wkdw
r i wkh vlqj ohwr qv1

Wkh qlf h sur shuw| r i d or j lf do� DQG� r i f ulwhuld/ vwdwhg lq Sur sr vlwlr q 44 +lq wkh vhqvh
r i lqwhuvhf wlr q r i f r qqhf wlr qv, / kdv xqir uwxqdwho| qr f r xqwhusduwir u wkh or j lf do � RU� +lq
wkh vhqvh r i vxsuhp xp r i f r qqhf wlr qv, ehf dxvh wkh vxsuhp xp r i vhyhudo f r qqhf wlr qv gr hv

43



qr wdoz d| v lqyr oyh f r qqhf whg f r p sr qhqwv z khuh r qh f ulwhulr q dwohdvwvkr xog eh ixo� oohg1
Qhyhuwkhohvv/ z h f dq vwdwh wkh sur eohp gl� huhqwo| dqg or r n ir u wkh f r qglwlr qv xqghu z klf k
wkhor j lf do� RU� ir uf r qqhf wlyhf ulwhuld gr hvh{ lvw/ dqg p dnhvvhqvh1Wkhir oorz lqj sur sr vlwlr q
dqvz huv wklv t xhvwlr q1

Sur s r vlwlr q 46 J lyhq d ixqf wlr q i 5 I >ohwi � � >l 5 Lj eh d idp lo| r i f r qqhf wlyh f ulwhuld/
r i dvvr f ldwhg f r qqhf wlr qv i F� >l 5 Lj 1 Wkhq wkh ir oor z lqj wkuhh vwdwhp hqwv duh ht xlydohqw

41 I r u M� L dqg dq| idp lo| i D
 >m5 Mj vxf k wkdwhdf k D 
 5 F
 / z h kdyh
_


����

D
 9@> , <l � 5 L vxf k wkdw ^ 
���� D
 5 F��� = +45,

51 Wkh f r qqhf wlr q F dvvr f ldwhg z lwk wkh vxsuhp xp f ulwhulr q � @b� � ht xdov wkh xqlr q r i
wkh F�

F @
^

i F� >l 5 Lj = +46,

61 I r u dq| vhw[ � H/ hdf k F0f r p sr qhqwr i [ lv dovr d F� 0f r p sr qhqwr i [ ir u dwohdvw
r qh lqgh{ l 5 L1

Sur sr vlwlr q 46 uhp dlqv wuxh z khq Uho1+45, lv vdwlv� hg ir u dq duelwudu| idp lo| i D
 >m5 Mj
lq ^ F� 1 Krz hyhu/ wkh dgr swhg suhvhqwdwlr q p dnhv fkhfnlqj hdvlhu1 Wklv sur sr vlwlr q f odul� hv
wkh sr vvlelolwlhv dqg wkh olp lwv r i wkh or j lf do� RU� lq vhj p hqwdwlr q1 Lwv p r vwf r p p r q xvh
dulvhv z khq wkh qr q0sr lqwf odvv D �

�

+{ , f r yhuv sr lqwf odvvhv r qo| r i door wkhu f r qqhf wlr qv F� >
l 9@ l � 1 Wkhq Uho1+45, lv vdwlv� hg dqg Sur sr vlwlr q 46 doorz v xv wr f dof xodwh wkh p d{ lp xp
f odvv dwsr lqw{ z lwkr xwkdylqj wr f dof xodwh wkh r wkhu f odvvhv1

Qr wh wkdwdowkr xj k vsdf h H lv qr wd sulr ul ht xlsshg z lwk dq| f r qqhf wlr q/ wkh gdwxp r i
d f r qqhf wlyh f ulwhulr q � soxv wkdwr i d ixqf wlr q i vxssolhv d f r qqhf wlr q wr H1 Qrz / li H lv
douhdg| ht xlsshg z lwk vr p h f r qqhf wlr q F

�

/ wkhq wkh sur sr vlwlr q lp solhv wkdwwkh lqwhuvhf wlr q
F _ F

�

>z klf k lv vwloo d f r qqhf wlr q/ j hqhudwhv wkh p d{ lp xp sduwlwlr q z kr vh f odvvhv vdwlvi|
er wk f r qvwudlqwv +Sur sr vlwlr q 44,1 I r u lqvwdqf h/ wkh f ulwhulr q � ixqf wlr q i lv f r qvwdqwr q D�
ohdgv wr wkh sduwlwlr q r i H z klf k lv r ewdlqhg e| wkuhvkr oglqj i >z lwk w� @w� lq Ht 1+4,1 Li/
lq dgglwlr q/ z h ghp dqg wkdwhdfk f odvv D eh F

�

0f r qqhf whg/ wkhq z h � qg wkh vhj p hqwdwlr q r i
i lqwr  dwdqg f r qqhf whg }r qhv/ dv suhylr xvo| ghvf ulehg1

419 Sduwldo f r qqhf wlr qv dqg p l{ hg vhj p hqwdwlr qv

Xqlr q r i f ulwhuld f dq eh dssur df khg lq dqr wkhup dqqhu li z h lqwur gxf h sulr ulwlhv ehwz hhq wkh
ydulr xv f ulwhuld1 Wkhq r swlp dop xowl0sduwlwlr qv r i wkh vsdf h duh r ewdlqhg e| p hdqv r i sduwldo
f r qqhf wlr qv 5̂7 /̀ 4̂9`1

Gh� qlwlr q 47 Sduwldof r qqhf wlr q1 OhwH eh dq duelwudu| vsdfh1 Dq| f odvv F� � S +H, vxf k
wkdw

+l, Û 5 F�

+ll, ir u hdf k idp lo| i F � l 5 Lj lq F� / _ F � 9@Û lp solhv ^ F � 5 F� /
gh� qhv d sduwldof r qqhf wlr q r q H 1
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Xqolnh d f r qqhf wlr q/ d sduwldo f r qqhf wlr q gr hv qr wqhf hvvdulo| f r qwdlq wkh vhwV r i doo
vlqj ohwr qv r i S +H,1 Z kdwduh wkh f r qvht xhqf hv r i wklv p lvvlqj d{ lr p B Z h vwloof dq dvvr f ldwh
d +t xdvl, f r qqhf whg r shqlqj � ���

�

z lwk hdfk sr lqw{ 5 H e| sxwwlqj ir u dq| D � H

� ���

�

+D, @ > z khq wkh idp lo| i F � 5 F� >{ 5 F � � Dj lv hp sw| +47,

� ���

�
+D, @ ^ i F � 5 F� >{ 5 F � � Dj z khq qr w

Rshudwr u � ���

�
lv r eylr xvo| dq r shqlqj vlqf h lwf r lqf lghv z lwk wkdwr i wkh f r qqhf wlr q F� ^ V

z khq � ���

�

+D, 9@>1P r uhryhu/ ir u dooD � H dqg doo{ >| 5 H>� ���

�

+D, dqg � ���

� +D, duh vwloo
ht xdor u glvmr lqw/ l1h1

� ���

�
+D, _ � ���

� +D, 9@> , � ���

�
+D, @� ���

� +D, +48,

dqg ir u dooD � H dqg doo{ 5 H/ z h kdyh { @5 D , � ���

�

+D, @ >1 Wkh r qo| fkdqj h z lwk
wkh f r qqhf wlr q f dvh lv wkdwqrz � ���

� +D, p d| ht xdo>/ hyhq z khq { 5 D1 Dv d f r qvht xhqf h/
wkh vxsuhp xp � � @b

�
� ���

�
>{ 5 H

�
j hqhudwhv dq r shqlqj r q S +H, z kr vh uhvlgxdo� � +D, @

D q� � +D,/ ir u d vhwD � H lv qr wqhf hvvdulo| hp sw| 1 Lq r wkhu z r ugv/ wr vd| wkdw{ 5 � � +D, lv
ht xlydohqwwr vd| lqj wkdwwkh idp lo| i F � 5 F� >{ 5 F � � Dj lv hp sw| 1 Uhp dun wkdwz khq F�

lv d f r qqhf wlr q/ wkhq � � wxuqv r xwwr eh wkh lghqwlw| r shudwr u1

Wz r ohyhov vhj p hqwdwlr qv1 OhwF� eh d sduwldof r qqhf wlr q r q S +H, r i sr lqwr shqlqj v�
� ���

� >{ 5 H
�

/ dqg F� eh d f r qqhf wlr q r q S +H, r i sr lqwf r qqhf whg r shqlqj v
�

�
�

�

� >{ 5 H
�

1
Z h lqwur gxf h d klhudufk| ehwz hhq wkhp e| uhvwulf wlqj wkh f odvvhv df f r uglqj wr F� wr wkh }r qhv
wkdwduh qr wuhdfkhg e| F� 1 Wklv f dq eh gr qh yld wkh r shudwr u

"
�

�

� +D, @ �
�

�

� �̂ � +D,` z khq { 5 � � +D, +49,

"
�

�

�
+D, @ > z khq qr w

Wklv r shudwr u "
�

�

�

lv qr wlqf uhdvlqj / dv lwdf wv r q vhwD � H yld wkh uhvlgxdo r i � � +D, =
Qhyhuwkhohvv/ lwvdwlv� hv d ihz qlf h r wkhu sur shuwlhv1

Sur s r vlwlr q 48 Wkh r shudwr u "
�

�

�

gh� qhg e| v| vwhp +49, lv dqwl0h{whqvlyh/ lghp sr whqwdqg
glvmxqf wlyh/ l1h1

"
�

�

� +D, _ "
�

�

� +D, 9@> , "
�

�

� +D, @"
�

�

� +D, ; D � H >; { >| 5 H +4: ,

Fr qvlghu qrz wkh vxsuhp xp "
�

@� ���

�

b "
�

�

�

r i wkh wz r r shudwr uv � ���

�

dqg "
�

�

�

1 Z h z loo
suryh wkdwdv { udqj hv ryhuH/ wkh idp lo| i " � j sduwlwlr qv dooD � H lq dq r swlp doz d| 1P r uh
suhf lvho| / z h f dq vwdwh

Sur s r vlwlr q 49 OhwF� eh d sduwldof r qqhf wlr q dqg F� eh d f r qqhf wlr q/ er wk r q S +H, / z khuh
vhwH lv duelwudu| 1 Wkhq/

41 wkh xqlr q r i wkh wz r idp lolhv
�

� ���

�

�
dqg

�
"

�

�

�

�
/ { 5 H/ r i r shudwr uv sduwlwlr q hyhu| vhw

D � H lqwr wz r idp lolhv r i f odvvhv i D ���

� j dqg i D �

�


 j >
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I lj xuh 8=d, Lqlwldoylhz r i wkh vlokr xhwwh wr vhj p hqw>e, vhj p hqwdwlr q r i wkh idfh e| d f r or xu
edvhg f ulwhulr q>f , p dunhu r i wkh f khvw>g, uhvxowlqj vhj p hqwhg vlokr xhwwh1

51 wklv sduwlwlr q lv wkh j uhdwhvwr qh z lwk f odvvhv r i F� r q � � +D, dqg f odvvhv r i F� r q
Dq� � +D,=

Lq wkh h{ dp soh r i I lj 1 8/ z klf k f r p hv iur p F1 J r p lod*v Skg wkhvlv :̂ /̀ r qh vhhnv wr
vhj p hqwwkh vlokr xhwwh r i wkh shuvr q lq wkh ir uhj ur xqg +I lj 18d,1 D � uvwsduwldovhj p hqwd0
wlr q/edvhg r q wkh f r or xuv r i wkh kdludqg r i wkh vnlq/ ohdgv wr wkh z klwh vhwr i I lj 18e1 Wkhq d
vhf r qg vhj p hqwdwlr q h{ wudf wv wkh vkr xoghuv e| p hdqv r i wkh wkuhh uhf wdqj ohv p dunhur i I lj 18f
+p lqxv wkh douhdg| vhj p hqwhg sl{ hov,1 Wklv p dunhu kr ogv xqlt xho| r q wkh f r p sohp hqwr i vhw
I lj 18e1 Wkh xqlr q r i wkh wz r vhj p hqwdwlr qv uhvxowv lq wkh vlokr xhwwh ghslf whg lq I lj 18g1

Sur sr vlwlr q 49 h{ whqgv wr q skdvhv e| uhsodf lqj F� e| d sduwldof r qqhf wlr q dqg e| dgglqj
d wklug f r qqhf wlr q F� >111dqg vr r q1Lq sduwlf xodu/ z khq doosduwldof r qqhf wlr qv F� +4 � l ? 4 ,
duh lghqwlf do/ wkhq wkh p hwkr g | lhogv d vhulhv r i vlp lodu p l{ hg vhj p hqwdwlr qv1 Wz r h{ dp sohv
r i vxf k lwhudwlr q edvhg klhudufklhv duh j lyhq ehorz der xwz dwhuvkhg dqg mxp s f r qqhf wlr q1

I lqdoo| / z h kdyh ehhq deoh wr lghqwli| wkh vhj p hqwdwlr qv r q ixqf wlr qv i =H $ W z lwk
vr p h idp lo| r i f r qqhf wlr qv z lwkr xwkdylqj ht xlsshg hlwkhuwkh vwduwlqj vsdf h H r uwkh duulydo
vsdf h W z lwk dq| d sulr ul sur shuw| 1 Wklv lv wuxh ir u wkh vhj p hqwdwlr q wkhr uhp : dv z hoo
dv ir u doo sur sr vlwlr qv iur p ; wr 49/ z klf k gr qr w lp sr vh dq| f r qglwlr q r q H r u r q W1
Z khq/ lq wkh ir oorz lqj / z h vkdooexlog xs d wkhr u| r i wkh f r qqhf whg r shudwr uv/ z h vkdookdyh
wr p dnh W d f r p sohwh odwwlf h1 Wkh vdp h uhvwulf wlr q dovr dsshduv lq wkh h{ dp sohv ehorz /
exw lw lv qr wdq r eolj dwlr q1 Lqghhg/ Wkhr uhp : r shqv wkh z d| wr doo dssolf dwlr qv z khuh
ydulr xv khwhur j hqhr xv yduldeohv duh gh� qhg ryhuwkh vdp h vsdfh1 Wkhvh f luf xp vwdqf hv dulvh lq
j hr j udsk| / ir uh{ dp soh/ z khuh udglr p hwulf gdwd +vdwhoolwh lp dj hv, olyh wr j hwkhuz lwk sk| vlf do
r qhv +dowlwxgh/ vor sh r i wkh j ur xqg/ vxqvklqh/ glvwdqf h wr wkh vhd/ hwf 1, dqg z lwk vwdwlvwlf do
gdwd +ghp r j udsk| / ir uwxqhv/ glvhdvhv/ hwf 1,1

5 H{ dp sohv r i f r qqhf wlyh vhj p hqwdwlr qv

Z h qrz looxvwudwh wkh wkhr u| r q d ihz h{ dp sohv1 Lq hdfk r i wkhp / wkh ixqf wlr q i xqghuvwxg|
lv doz d| v � { hg/ wkhuhir uh lwlv vr p hwlp hv r p lwwhg lq wkh qr wdwlr q/ z khq wkh f r qwh{ wlv qr w
dp elj xr xv1 I r u wkh vdnh r i vlp solf lw| / z h gr qr wv| vwhp dwlf doo| uhsur gxf h ehorz wkh d{ lr p v
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I lj xuh 9=d, hohf wur q p lf ur j udsk r i f r qf uhwh>e, vhj p hqwdwlr q r i lp dj h d, e| mxp s f r qqhf wlr q
r i udqj h 45>f , vhj p hqwdwlr q r i lp dj h d, e| vp r r wk f r qqhf wlr q r i sdudp hwhu 9>g, lqwhuvhf wlr q
r i f r qqhf wlr qv e, dqg f ,1

r i f r qqhf wlyh f ulwhuld ir u wkh vlqj ohwr qv dqg wkh hp sw| vhw1 Dovr / wkh vwduwlqj vsdf h H lv
vxssr vhg wr eh surylghg z lwk dq lqlwldof r qqhf wlr q F� / z klf k p d| lqwhuyhqh/ r u qr w/ lq wkh
gh� qlwlr q r i wkh f r qqhf wlyh f ulwhulr q xqghu vwxg| / dqg wkh duulydovsdf h W lv U r u ] 1 Wkh
h{ dp sohv duh f odvvl� hg e| d gr xeoh hqwu| / df f r uglqj wr z khwkhu wkh f ulwhuld lqyr oyh r u qr w
vr p h vhhgv/ dqg z khwkhu wkh| dsso| wr wkh vsdf h r i wkh ixqf wlr q xqghu vwxg| / r u wr ihdwxuh
vsdf hv1

514 Vhhgohvv vhj p hqwdwlr qv

Vp r r wk f r qqhf wlr q1 Lq wkh f r xqwhu0h{ dp soh r i I lj 1 5d/ wkh glvwdqf h wkdwz h wr r n ir u
uhmhf wlqj wkh Olsvf klw} ixqf wlr q z dv edvhg r q dq ryhudoop hwulf r q vsdf h H1 Z kdwkdsshqv
li z h uhvwulf wwkh glvwdqf h ydoxhv/ r u li z h uhsodf h wkh ryhudoo p hwulf e| d qhz r qh z kr vh
j hr ghvlf v vkr xog olh lqvlgh wkh vhwv D dqg E r i I lj 1 5B Wkh ir oorz lqj f ulwhulr q � / r i wkh vr
f doohg vp r r wkhg f r qqhf wlr q/ dqvz huv wkh t xhvwlr q

� î >D` @4 li dqg r qo| li { 5 D = , <d+{ , A 3 dqg
�

E ���

��� +{ , � D dqg i lv n0Olsvf klw} lq /

Wkh t xdqwlw| � +i >D, ht xdov 4 z khq dwhdfk sr lqw{ wkhuh h{ lvwv d ydoxh d+{ , A 3/ ghshqglqj

r q { dqg vxf k wkdwi lvn0Olsvf klw} lq wkhr shq edoo
�

E ���

��� +{ ,1Fulwhulr q � lv f ohduo| f r qqhf wlyh1
Li vsdf hH lvht xlsshg z lwk dq lqlwldof r qqhf wlr q F� / wkhq wkh lqwhuvhf wlr q r i wkhf r qqhf wlyh

f ulwhulr q wkdwxqghuolhv F z lwk wkh or f don0Olsvf klw} sur shuw| j hqhudwhv }r qhv wkdwduh er wk
vp r r wk dqg F� 0f r qqhf whg1

Z khq f r qqhf wlr q F� lv dq duf z lvh f r qqhf wlylw| / wkhq lq hdfk f odvv D r i G/ ixqf wlr q i

lv $0f r qwlqxr xv dor qj doosdwkv lqf oxghg lq wkh lqwhulr u
�

D r i D1 Lq f dvh r i wkh 50G glj lwdo
vsdf h ] � lq sduwlf xodu/ wkh vp doohvwydoxh r i wkh udqj h d lv r qh +xqlwvt xduh/ r u kh{ dj r q,1 Lw
vx! f hv/ wr lp sohp hqwlw/ wr hur gh ixqf wlr qv i dqg � i e| wkh f r qh K +n>4, z kr vh edvh lv wkh
xqlwvt xduh r u kh{ dj r q/ dqg z kr vh khlj kwlv n/ wkh r ulj lq ehlqj sodf hg dwwkh wr s/ dqg wkhq
wr wdnh wkh lqwhuvhf wlr q r i wkh wz r vhwv z khuh i ht xdov lwv hur vlr q dqg lwv glodwlr q uhvshf wlyho| 1

Wkh vp r r wk f r qqhf wlr q wxuqv r xwwr eh d j r r g vhj p hqwdwlr q wr r owr vhsdudwh wkh vp r r wk
}r qhv iur p wkh p r uh j udqxodu r qhv z lwk d vlp lodu j uh| ohyho/ dv lwr iwhq dsshduv lq hohf wur q
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p lf ur vf r s| 5̂8`1 I lj 1 9 ghslf wv wz r vhj p hqwdwlr qv r i d f r qf uhwh p lf ur j udsk/ f duulhg r xwe|
xvlqj vp r r wk f r qqhf wlr qv1

T xdvl  dw} r qhv Lqvwhdg r i uht xlulqj wkdwi eh $0f r qwlqxr xv dor qj doosdwkv lqf oxghg lq
D/ z h f dq dovr r qo| uht xluh wkh $0f r qwlqxlw| ir u dwohdvwr qh sdwk1 Wklv p r uh f r p suhkhqvlyh
qhz f ulwhulr q lv vwloo f r qqhf wlyh/ dqg ohdgv wr wkh f r qqhf wlr q df f r uglqj wr wkh � t xdvl0 dw�
} r qhv/ gxh wr I 1P h| hu 4̂3`1 Wklv wlp h/ wkh glj lwdolp sohp hqwdwlr q lqyr oyhv j hr ghvlf uhf r q0
vwuxf wlr qv1

515 Vhhg0edvhg vhj p hqwdwlr qv

Wkh vhhgv wk hr uhp I ur p qrz r q wkh ylhz sr lqwfkdqj hv=wkh vhj p hqwdwlr qv xqghu vwxg|
vwduwdqg vsuhdg r xwiur p vr p h vshf l� f vr xuf hv1 Fr qvlghu d f oxvwhulqj sur f hvv z khuh z h
� qg r q wkh r qh kdqg d f huwdlq ixqf wlr q i / dqg r q wkh r wkhu kdqg d idp lo| J @i J � / l 5 Lj
r i vhwv J

�
5 S+H,=Wkh vhwv J

�
duh f doohg vhhgv ehf dxvh wkh f oxvwhulqj sur f hvv f r qvlvwv lq

dj j uhj dwlqj wr wkhp doosr lqwv { r i wkh vsdf h/ df f r uglqj wr vr p h uxohv wkdwlqyr oyh ixqf wlr q
i 1 Wkh f oxvwhulqj sur f hvv p d| f r p sulvh/ r uqr w/ vhyhudolwhudwlr qv>wkh vhhgv or f dwlr qv p d| eh
� { hg r u ghshqg r q wkh lwhudwlr qv>wkh vhhgv wkhp vhoyhv p d| eh hqgr j hqr xv +h1j 1 wkh p lqlp d
r i i , r u f duu| dq h{ whuqdo lqir up dwlr q1 Z kdwhyhu wkhvh f r qglwlr qv duh/ dqg wkh f oxvwhulqj
doj r ulwkp lv/ lwuhvxowv lq wkh dvvlj qp hqwr i hdfk sr lqw{ 5 H wr r qh/ r u p r uh/ � qdovhhg1
Wkhq hyhu| vxf k sur f hvv j hqhudwhv d f r qqhf wlyh f ulwhulr q1 P r uh suhf lvho| / z h f dq vwdwh wkh
ir oorz lqj / z khuh V+H, vwdqgv ir u wkh vhwr i wkh vlqj ohwr qv r i S+H,

Wkhr uhp 4: J lyhq d ixqf wlr q i 5 I / d vhhg idp lo| J +H,/ dqg d f oxvwhulqj sur fhvv z klf k
ohdgv wr d � qdovsdfh glvwulexwlr q r i wkh vhhgv/ wkh f ulwhulr q

� î >i { j ` @ 4 i { j 5 V+H,

� î >D` @ 4 ir u D 5 S+H,qV+H,/ z khq doosr lqwv r i D

duh dvvlj qhg wr d xqlt xh � qdovhhg/

� î >D` @ 3 z khq qr w/

lv f r qqhf wlyh1

Lq wkh � qdop d{ lp xp sduwlwlr q/ wkh uhj lr qv z kr vh sr lqwv duh dj j uhj dwhg wr p r uh wkdq
r qh vhhg duh sxoyhul}hg lqwr doowkhlu vlqj ohwr qv +wkh uhdghup d| fkhfn wkdwwkh f ulwhulr q � wkh
sr lqwv r i D duh dvvlj qhg wr r qh r u wz r vhhgv� lv qr wf r qqhf wlyh/ dqg wkdwwkh f ulwhulr q � wkh
sr lqwv r i D duh dvvlj qhg wr r qh r up r uh vhhg � f r p hv edfn wr wdnh vhwH dv wkh xqlt xh f odvv,1

Dv d h{ dp soh/ z h f dq t xr wh wkh sr sxoduFkdvvhu| 0J dued| doj r ulwkp ir uf r or xulp dj h vhj 0
p hqwdwlr q 8̂` exlogv uhj lr qv iur p d vhulhv r i vhhgv1Hdfk sl{ holv f r p sduhg wr wkhvhhgvdf f r ug0
lqj wr dq dj j uhj dwlr q f ulwhulr q wkdwlqyr oyhv f r or xu glvwdqf hv/ soxv r wkhu sr vvleoh dwwulexwhv/
vxf k dv wh{ wxuh r u f r qyh{ lw| f r qvwudlqwv1 Wkhvh f r p sdulvr qv uhvxowd � uvwvhj p hqwdwlr q r i
wkh vsdf h1 Wkhq d qhz vhhg lv uhgh� qhg lq hdfk f odvv df f r uglqj wr ydulr xv p r wlydwlr qv/ dqg
wkh vhj p hqwdwlr q sur f hgxuh lv lwhudwhg111 dqg vr r q ir ud � qlwh qxp ehur i wlp hv1 E| dsso| lqj
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Sur sr vlwlr q 4: wr wkh odvwlwhudwlr q/ z h vhh wkdwwkh z kr oh sur f hgxuh lv f r qqhf wlyh1 Wkh vdp h
f r p p hqwdssolhv wr d qxp ehu r i f odvvl� f dwlr q doj r ulwkp v ir u f or xgv r i sr lqwv/ wkdwz r un lq
p xowlglp hqvlr qdovsdf hv1

Z dwhuvkhg f r qwr xuv1 Z khq wkh qxp hulf doixqf wlr q i lv lqwhusuhwhg dv d uholhi lq H/ wkhq
doosr lqwv r i wkh uholhi z kr vh sdwk r i vz liwhvwvor sh p hhwd vdp h p lqlp xp P � H gh� qh
wkh z dwhuvkhg r i P <̂̀ / 6̂ /̀ 4̂7` Dowhuqdwlyho| / r qh f dq lqwur gxf h wkh z dwhuvkhg r i P dv
wkh vhwr i doo sr lqwv r i H  r r ghg iur p P 1 Z kdwhyhu wkh h{ df wgh� qlwlr q lv/ Wkhr uhp 4:
vkrz v wkdwwkh dvvr f ldwhg f ulwhulr q lv f r qqhf wlyh1 Wkh z dwhuvkhgv sduwlwlr q wkh gh� qlwlr q
vsdf h H lqwr duf z lvh f r qqhf whg f dwfkp hqwedvlqv/ soxv lqwr doowkh sr lqwv r i wkh z dwhuvkhg
f r qwr xuv/ f r qvlghuhg dv vlqj ohwr qv lq wkh vhj p hqwdwlr q sduwlwlr q1 P r uhryhu/ wkh sr lqwv r i wkh
 dw}r qhv wxuq r xwdovr wr eh vlqj ohwr qv lq wkh %sxuh% r r glqj doj r ulwkp / dv wkh| kdyh d
}hur j udglhqw1 Wkhuhir uh/ dq dgglwlr qdoixqf wlr q lv lqwur gxf hg e| wdnlqj wkh glvwdqf h wr wkh
grz qvwuhdp hgj h1 Wklv vhf r qg ixqf wlr q uhvxowv lq d vhf r qg z dwhuvkhg vhj p hqwdwlr q z klf k
f dq eh f r p elqhg wr wkh � uvwr qh rz lqj wr Sur sr vlwlr q 49/ dqg wklv gr xeoh sur f hvv f dq eh
lwhudwhg1 Lqghhg/ wkh z dwhuvkhg doj r ulwkp v lqyr oyh wklv p l{ hg vhj p hqwdwlr q

Rq wkh r wkhu kdqg/ dv d j udglhqwp r gxoh lv r iwhq qr lv| / wkh ghulyhg z dwhuvkhg sduwlwlr qv
duh ryhu0vhj p hqwhg1 Rqh j hwv dur xqg wkh gudz edfn e| uhsodf lqj wkh p lqlp d j udglhqwj e|
wkh j lyhq vhhgv1 Wkhr uhp 4: hqvxuhv xv wkdwwkh r ewdlqhg sduwlwlr q lv vwloor swlp do1

Rqh� mxp s f r qqhf wlr q1 Kxp dq ylvlr q hdvlo| df f hswv vp dooyduldwlr qv z khq wkh| r ulj lqdwh
iur p wkh p lqlp d r u wkh p d{ lp d r i wkh ixqf wlr q xqghu vwxg| 1 Wkh mxp s f ulwhuld z h suhvhqw
qrz z r un wklvz d| / df f r uglqj wr d ihz yduldqwv 5̂8`1Wkh| j hqhudol}hqr wlr qvvxf k dvwkuhvkr ogv
r u ohyhovhwv

Fr qvlghu d f r qwlqxr xv ixqf wlr q i = H $ W/ khqf h d ixqf wlr q wkdwkdv p lqlp d dqg
p d{ lp d1 OhwD � H eh d F� 0f r qqhf whg vhw+F� lv wkh lqlwldof r qqhf wlr q ryhuS+H,, / dqg n eh
d sr vlwlyh f r qvwdqw1Gh� qhwkhr qh0mxp s f ulwhulr q � e| wkh ir oorz lqj uht xluhp hqw=� î >D` @4
li D lv d vlqj ohwr q/ r u wkh vxssr uwr i d p lqlp xp r i i / r u li ir u dq| sr lqw{ 5 D wkhuh h{ lvwv d
p lqlp xp p r i i r i vxssr uwP � D dqg vxf k wkdw3 � i +{ , � p ? n1

Wkh sr vlwlyh qxp ehu n lv f doohg wkh udqj h/ r u wkh mxp s/ r i � 1 Fulwhulr q � lv r eylr xvo|
f r qqhf wlyh=z khq lwlv vdwlv� hg e| doowkh D � r i d idp lo| i D � >l 5 Lj dqg li { 5 _ � D � >wkhq ^ � D �

lv f r qqhf whg ehf dxvh hdfk D � 5 F� >lq dgglwlr q dwhdfk sr lqw} 5 ^ � D � wkh ydoxh i +} , lv ohvv
wkdq n deryh d p lqlp xp 1 Wkh p lqlp xp p lv qr wqhf hvvdulo| xqlt xh lq D1

Wkh vhj p hqwdwlr q sduwlwlr q G �

� � / r i f odvv G �

� � +{ , dwsr lqw{ >p d| eh ghvf ulehg lq wkh
ir oorz lqj z d| 1 OhwP eh wkh idp lo| r i wkh +F� 0f r qqhf whg, vxssr uwv P � H r i doop lqlp d p
r i wkh ixqf wlr q i 1 I r u P 5 P f r qvlghu wkh vhwE+P , vxf k wkdw

E+P , @i } =} 5 H> 3 � i +} , � p ? nj =

VhwE+P , lv f r p sr vhg r i doosl{ hov r i H z khuh wkh ydoxhv r i ixqf wlr q i duh ohvv wkdq n
deryh ohyhop 1 Lwr eylr xvo| f r qwdlqv P 1 Ghqr wh e| V+P , wkh f r qqhf whg f r p sr qhqwr i E+P ,
wkdwf r qwdlqv wkh vxssr uwP 1 Wkhq wkh vhw

V� @^ i V+P ,> P 5 P j +4; ,

49



lv f r p sr vhg r i doosr lqwv { r i wkh vsdf h z khuh i +{ , lv ohvv wkdq n deryh d p lqlp xp / z klf k
hqwdlov wkdwwkh f odvv G �

� � +{ , dwsr lqw{ lv wkh F0f r qqhf whg f r p sr qhqw�
�
+V, r i vhwV dwsr lqw

{ / z khq { 5 V/ dqg G �

� � +{ , @ i { j z khq qr w1 Rqh z looqr wlf h wkdw/ xqolnh wkh z dwhuvkhg
f dvh/ hdf k vhj p hqwhg f r p sr qhqw� � +V, p d| f r p sulvh vhyhudop lqlp xp }r qhv P 1 Qr wh dovr
wkdwwkh f r qqhf wlr q j hqhudwhg e| wkh r qh0mxp s f ulwhulr q � � lv mxvwd vxe0vhwr i F vlqf h hdfk
D+P , lv F0f r qqhf whg1

Wkh f r qf uhwh hohf wur q p lf ur j udsk r i I lj 1 9 surylghv dq h{ dp soh r i mxp s f r qqhf wlr q +I lj 1
9f , / dqg j lyhv dqr wkhu r ssr uwxqlw| wr looxvwudwh wkh %dqg%Sur sr vlwlr q 44 z khq d vhf r qg
f r qqhf wlr q lv xvhg wr vwuhqj wkhq d � uvwr qh/ qdp ho| wkh vp r r wk f r qqhf wlr q r i I lj 1 9e1 E|
wdnlqj lwv lq� p xp z lwk d mxp s f r qqhf wlr q r i d vxlwdeoh sdudp hwhu/ z h uhp ryh wkh qr lvh r i
hdf k f r qqhf wlr q/ dqg r ewdlq wkh udwkhuqlf h I lj 1 9g/ z khuh wkhuh duh p r uh %eodfnv%/ l1h1 p r uh
vlqj ohwr q f odvvhv/ exwd ehwwhu qr lvh uhgxf wlr q1

+Lwhudwhg, Mxp s f ulwhulr q1 Lq wkhf r qf uhwhp lf ur j udsk r i I lj 19/ wkhr qh0mxp s f r qqhf wlr q
kdv ehhq xvhg p r uh ir u h{ wudf wlqj wkh xqlr q U r i doo vlqj ohwr qv +wkh eodfn vhw, wkdq ir u
gl� huhqwldwlqj wkh vhj p hqwhg f odvvhv +wkh z klwh f r qqhf whg f r p sr qhqwv,1 Lq r wkhu vlwxdwlr qv
wkh odwhu r emhf wlyh ehf r p hv sulp r ugldo/ vr wkdwwkh vlqj ohwr q duhd kdv wr eh uhgxf hg dv p r vw
dv sr vvleoh1 Wklv j r dof dq eh r ewdlqhg e| lwhudwlyh p l{ hg vhj p hqwdwlr qv1 Vxssr vh wkdwwkh
ixqf wlr q i lv er xqghg/ z ulwh V � @V

�

�

ir u wkh f r p sohp hqwr i wkh vhwV� gh� qhg e| Uhodwlr q
4; / dqg ghqr wh e| i � wkh uhvwulf wlr q r i ixqf wlr q i wr V � 1Wkhq wkh dssolf dwlr q r i wkh r qh0mxp s
f ulwhulr q � wr i � uhvxowv lq d qhz }r qh V��� � V � vxf k wkdwlq hdfk F0f r qqhf whg f r p sr qhqwr i
V�

� wkh ixqf wlr q i � lv ohvv wkdq n deryh r qh r i lwv p lqlp d1
Xqghulwhudwlr q/ vxf f hvvlyhqhvwhg vhwvV� >V� >hwf 1duhj hqhudwhg1Dv ixqf wlr q i lver xqghg/

diwhu d � qlwh qxp ehu q r i lwhudwlr qv wkh vhwV
�

ehf r p hv hp sw| 1 Wkh z kr oh vsdf h H lv wkhq
sduwlwlr qhg lqwr }r qhv lq z klf k wkh udqj h r i yduldwlr q deryh lqvlgh p lqlp d lv vp doohu wkdq n1
Wkhq Sur sr vlwlr q 49 vkrz v wkdwwklv sduwlwlr q lv wkh j uhdwhvwr qh z lwk F0f r qqhf whg f odvvhv lq
z klf k i +uhvs1 i � >i � >===i

�

, lv ohvv wkdq n deryh d p lqlp xp lq V� +uhvs1 V�

�

>V��� >===V��� ,1

Wkh vdp h vr uwr i lwhudwlr qv dssolhv dv z hoolq d vhoi0gxdoir up e| z r unlqj iur p p d{ lp d
dqg p lqlp d dwhdfk vwhs 5̂6` 4̂`1P r uhryhu/ li z h � { wkh lqsxwlp dj h i dqg shuir up d vhulhv
r i vhj p hqwdwlr qv z lwk mxp sv n wkdwydu| j hr p hwulf doo| +n @ 4>5>7>; ==,/ wkhq z h j hqhudwh
d vhulhv r i sduwlwlr qv wkdwduh qhvwhg lq hdfk r wkhu1 Wklv doorz v xv wr exlog xs p xowlvfdoh
vhj p hqwdwlr q vf khp hv e| p hdqv r i mxp s f r qqhf wlr qv1 I lj 1: ghslf wv dq h{ dp soh lq f r or xu
lp dj hu| / z khuh wkh lwhudwhg mxp sv kr og r q wkh oxp lqdqf h/ dqg z khuh wkh dyhudj h uhg/ j uhhq
dqg eoxh lv wdnhq lq hdfk f r qqhf whg f odvv1

D odvwf r p p hqw= z dwhuvkhgv dqg mxp s f ulwhuld kdyh ehhq lqwur gxf hg dv df wlqj r q qx0
p hulf doixqf wlr qv1Z h glg lwehf dxvh vxf k d iudp hz r un p r ghov wkh h{ dp sohv suhvhqwhg khuh/
dqg dovr ehf dxvh z h lp solf lwo| f kr vh wr wdnh p lqlp d dqg p d{ lp d dv vhhgv1 Exwz khq h{ r j hq
vhhgv duh j lyhq/ r ueur xj kwiur p d suhylr xv sur f hvvlqj vwhs/ wkhq wkh duulydovsdf h Wqr or qj hu
qhhgv wr eh wr wdoo| r ughuhg>lwvx! f hv wr surylgh lwz lwk d p hwulf 1
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I lj xuh : = d, VwFxj dwsdlqwlqj r i Wkh Yluj lq >e, dqg f , vhj p hqwdwlr qv r i d, e| lwhudwhg
mxp s f r qqhf wlr qv r i udqj h 8 dqg 43/ ohdglqj wr 659 dqg 478 uhj lr qv uhvshf wlyho| 1

I lj xuh ; =Wz r vhf wlr qv r i wkh vklqer qh

516 I hdwxuh0vsdf hv edvhg vhj p hqwdwlr qv

Khuh lv dq h{ dp sohr i d vhwvhj p hqwdwlr q lq z klf k wkh f r qqhf wlyh f ulwhulr q kr ogv r q wkh sor wr i
d ghqvlw| ixqf wlr q 5̂5`1Wkhp dwhuldoxqghuvwxg| lvd vwdfn r i r qhkxqguhg wklq vhf wlr qv r i wkh
vklqer qh r i d fklf nhq hp eu| r 1 Wkh elr or j lvwv z dqwwr nqrz z khwkhu wkh j urz wk r i wkh er qh
sur f hhgv e| qhvwhg f | olqghuv1 Z h vhh lq I lj 1 ; wz r er qh vhf wlr qv1 Wkh| duh shushqglf xodu wr
wkh or qj d{ lv r i wkh vklqer qh dqg h{ klelwvr uwv r i f luf xoduf urz qv/ vr wr vd| 1Li wkh dvvxp swlr q
r i wkh elr or j lvwv lv wuxh/ wkh vxf f hvvlyh f | olqghuv vkr xog eh olqnhg e| d ihz eulgj hv/ lq r ughu
wr hqvxuh wkh ur exvwqhvv r i wkh z kr oh er qh vwuxf wxuh1

Krz wr mxgj h wkh wuxwk r i wkhlu k| sr wkhvlv/ dqg li qhhg eh/ kr z wr vhj p hqwwkh sloh r i
f ur vv vhf wlr qv lqwr wkh ydulr xv qhvwhg f | olqgulf f ur z qv B

Wkh sur f hgxuh lv edvhg r q wkh lghd r i xvlqj wkh f hqwudokr oh r i wkh er qh +wkh p hgxoodu|
uhj lr q, dv d f | olqgulf p dunhu/ dqg/ vwduwlqj iur p lw/ wr lqydgh wkh vr olg er qh e| 60G j hr ghvlf
glodwlr qv1

I lj 1<d vkrz v krz j hr ghvlf glodwlr q z r unv lq wz r glp hqvlr qv1 Krz hyhu wkh f xuuhqwf dvh lv
wkuhh glp hqvlr qdo/ dqg z h qhhg/ ir u lwv lp sohp hqwdwlr q/ wr f kr r vh d xqlwvskhuh =z h z loowdnh
wkh xqlwf xeh0r f wdkhgur q suhihudeo| wr wkh xqlwf xeh1Lwlv p r uh lvr wur slf +47 idf h gluhf wlr qv
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I lj xuh <=d, 50G j hrghvlf z dyhiur qwv iur p sr lqw} lqvlgh p dvn [ >e, vxuidfh duhd r i wkh 60G
z dyh iur qwdwhdf k vwhs r i wkh j hrghvlf sur sdj dwlr q1

lqvwhdg r i 9, / p r uh f r p sdf w+45 yr { hov yhuvxv 59, dqg f or vhu wr dq Hxf olghdq vskhuh +wkh 45
yhuwlf hv duh dwwkh vdp h glvwdqf h iur p wkh f hqwuh, 5̂3`1

Wkh j hr ghvlf glodwlr qv f uhdwh d z dyh iur qwwkdwsur sdj dwhv wkur xj k wkh er qh1Z h p hdvxuh
wkh vxuidf h duhd r i wklv z dyh iur qwdwhdfk vwhs r i lwv glvf uhwh sur sdj dwlr q1 I lj 1<e ghslf wv wkh
sor wr i wklv duhd p hdvxuhp hqwyhuvxv wkh vwhs qxp ehu1 Vhyhudop lqlp d duh f ohduo| ylvleoh1
Lqghhg/ z khq vwduwlqj iur p wkh d{ lv r i wkh er qh/ wkh z dyh lqydghv wkh vr olg }r qhv/Dq h{dp soh
r i 50G j hrghvlf z dyhiur qw1 Vxuidfh duhd r i wkh 60G z dyh iur qwdwhdf k vwhs r i wkh j hrghvlf
sur sdj dwlr q1

0lwp hhwv d er qh f | olqghu � uvw/ z khuh wkh iur qwvsuhdgv r xwoduj ho| =
0wkhq/ wkh iur qwkdv wr f ur vv vr p h qduurz eulgj hv ir uuhdfklqj wkh vhf r qg f | olqgulf f ur z q/

khqf h lwv duhd uhgxf hv >
0wkhq dj dlq wkh iur qwsur sdj dwhv ryhuwkh vhf r qg f | olqgulf f ur z q dqg lwv vxuidf h h{ whqgv/

hwf 11
Wkh sor w r i I lj 1<e/ z lwk lwv z hoo sur qr xqf hg p lqlp d/ f r uur er udwhv wkh elr or j lf do dv0

vxp swlr q r i qhvwhg f | olqgulf f urz qv/ dqg wkh devf lvvdh r i wkh vxf f hvvlyh p lqlp d lqglf dwh wkh
j hr ghvlf glvwdqf h iur p wkh d{ ldop dunhu wr wkh er wwohqhfnv r i wkh eulgj hv1

Li z h vsolw wkh 60G er qh lqwr wkh }r qhv wkdw wkh p lqlp d vhsdudwh/ gr z h shuir up d
vhj p hqwdwlr qB \ hv lqghhg1 I r uj hwwkh vhwir u r qh lqvwdqwdqg f r qvlghu wkh sor wr qo| 1 Wkh
ir oorz lqj f ulwhulr q

;
?

=

� î >i { j ` @4
� î >D` @4 z khq vhj p hqwD 5 S

�
]

� �
f r qwdlqv qr p lqlp xp r i i

� î >D` @3 z khq qr w

z khuh i lv d 4� G qxp hulf doglj lwdoixqf wlr q1 Wklv r eylr xvo| f r qqhf wlyh f ulwhulr q glylghv wkh
{ 0d{ lv lqwr vhj p hqwv z lwk qr p lqlp xp / dqg dvvlj qv sr lqwf odvvhv wr doodevf lvvdh r i p lqlp d1
Sur mhf wlqj edfn/ qrz / wklv glylvlr q r qwr wkh 60G er qh vhw/ z h r ewdlq wkh vhj p hqwdwlr q r i wkh
vklqer qh lqwr lwv qhvwhg f | olqghuv +I lj 1 43,1

Wkh whfkqlt xh lq wklv h{ dp soh z dv wr uhvr uwwr wkh z dyh iur qwduhdv/ l1h1 wr uhsodf h d

4<



I lj xuh 43=Vhj p hqwdwlr q r i wkh wz r der yh vhf wlr qv1

60G vhwz klf k lv kdugo| ylvleoh e| d 40G vlj ql� f dqwixqf wlr q/ dqg wkhq wr gh� qh d f r qqhf wlyh
f ulwhulr q wkdwp dnhv vhqvh r q wkh 40G sor wdv z hoodv lq wkh 60G vsdf h1

6 F r qqhf whg r s hudwr uv

I ur p qrz r q/ wkh duulydovsdf h Wlv vxssr vhg wr eh d f r p sohwh odwwlf h z lwk xqlyhuvdoer xqgv
p � dqg p � / lq r ughu wr r shq wkh z d| wr p r uskr or j lf do r shudwlr qv1 Lq doo wkh deryh vhj 0
p hqwdwlr qv z h z hqwgluhf wo| iur p vr p h lqlwldolp dj h wr sduwlwlr qv r i wkh vsdf h1 Vkr xog lweh
sr vvleoh/ lq wkh f r qqhf wlyh vhj p hqwdwlr q dssur df k/ wr lqvhuwvr p h � owhulqj ehwz hhq wkh lqlwldo
lp dj h dqg wkh � qdosduwlwlr qB Vxfk f r p elqdwlr q z loop dnh vhqvh r qo| li wkh � owhulqj vwhs � wv
f r uuhf wo| z lwk f ulwhulr q � / dqg suhsduhv lwv vhj p hqwdwlr q e| uhj ur xslqj / khqf h vlp soli| lqj /
wkh � 0f odvvhv1

Fr qvlghu dq duelwudu| r shudwr u # iur p W
�

lqwr lwvhoi/ r u p r uh j hqhudoo| iur p d ixqf wlr q
vsdf h I lqwr lwvhoi/ dqg d f ulwhulr q � = I 
 S+H, $ i 3>4j =Wkh sdlu i � ># j >ylhz hg dv d
z kr oh/ ehf r p hv lwvhoi d f ulwhulr q edvhg r q wkh t xdqwlw| � #̂+i ,>D /̀ vlqf h wklv t xdqwlw| ht xdov
hlwkhu 3 r u 41 P r uhryhu/ f ulwhulr q i � ># j lqkhulwv vr p h edvlf sur shuwlhv wkdw� p d| vdwlvi| 1
I r u h{ dp soh/ li f ulwhulr q � lv f r qqhf wlyh +uhvs1 vwur qj o| f r qqhf wlyh, / wkhq f ulwhulr q i � ># j lv
f r qqhf wlyh+uhvs1vwur qj o| f r qqhf wlyh, dvz hoo1Wr suryh lw/ z h r evhuyhwkdwwkh f r qqhf wlyhqhvv
d{ lr p +8, dssolhv ir u dooixqf wlr qv i 5 I 1 Vlqf h #+I , � I / lwvx! f hv wr uhsodf h i e| #+i ,
lq d{ lr p +8,1

Wkh qhz sur shuw| wkdwz h z loodgg qrz wr f ulwhulr q i � ># j qr or qj hu kr ogv r q � / exwr q
r shudwr u#1 Lq lp dj h sur f hvvlqj / r qh f odvvlf doo| xvhv wkh dgmhf wlyh %f r qqhf whg%wr vlj qli | wkdw
dq r shudwlr q # r q W

�

hqoduj hv wkh vhj p hqwdwlr q sduwlwlr q1 Z h nhhs wkh whup / exwuhgh� qh
lwz lwklq wkh edfnj ur xqg r i f r qqhf wlyh f ulwhuld1

Gh� qlwlr q 4; Dq r shudwr u # r q W
�

lv vdlg wr eh f r qqhf whg z lwk uhvshf wwr d f r qqhf wlyh
f ulwhulr q � z khq ir u dooi 5 W

�

dqg ir u dooD � H lwvdwlv� hv wkh uhodwlr qvkls

� î >D` @4 , � #̂+i ,>D` @4= +4<,
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I lj xuh 44=Rshqlqj e| uhf r qvwuxf wlr q r i ixqf wlr q i df f r uglqj wr p dunhu j 1

Lq r wkhuz r ugv/ wkh f r qqhf wlr q j hqhudwhg e| � dqg #+i , lv oduj huwkdq wkdwgxhwr � dqg i 1
Wkh uhdvr q r i lp solf dwlr q +4<, lv f ohdu1 Dv vr r q dv wkh vhj p hqwdwlr q df f r uglqj d f r qqhf wlyh
f ulwhulr q � lv suhf hghg e| d f r qqhf whg � owhu/ df f r uglqj wr � dv z hoo/ r qh f dq lqwhusuhwwkh
vht xhqf h r i wkhwz r r shudwlr qv dv d xqlt xh vhj p hqwdwlr q1Lwxvxdoo| ghshqgv r q d vl}h sr vlwlyh
sdudp hwhu/ z klf k surylghv lwz lwk vhp l0j ur xsv vf doh vsdf h sur shuwlhv +vhh qh{ wvhf wlr q ehorz /
dqg lq 5̂4 /̀ 7̂ ,̀1

Lq sduwlf xodu z khq d f r qqhf wlr q F lv gh� qhg ryhu S+H, dqg z khq � +i >D, @4 ir u D f r q0
qhf whg dqg i f r qvwdqw/ wkhq Lp solf dwlr q +4<, uhgxf hv wr wkh f odvvlf dogh� qlwlr q r i d f r qqhf whg
r shudwr u +l1h1 i f r qvwdqwryhu wkh f r qqhf whg vhwD , #+i , f r qvwdqwryhu D,1

Fr qvlghu qrz wkh vhj p hqwdwlr q f odvv G � +{ , dwsr lqw{ / l1h1

G � +{ , @^ i D ={ 5 D> � î >D` @4j =

Vlqf h� lv f r qqhf wlyh/ Lp solf dwlr q +4<, vkrz vwkdwdwhyhu| sr lqw{ z hkdyh� #̂+i ,>G � +{ ,` @4>
khqf h G � +{ , � G �

�

�

� +{ , vr wkdwG � � G �

�

�

� / l1h1 wkh r shudwr u # hqoduj hv wkh vhj p hqwdwlr q
sduwlwlr qv1 Dv vxf k dq hqoduj hp hqwf dq r qo| eh uhdfkhg e| p huj lqj f odvvhv/ wkh ryhudoo
er xqgdu| vhwr i wkh f odvvhv uhgxf hv1 Z h f dq vwdwh

Sur s r vlwlr q 4< Dq| f r qqhf whg r shudwr u z lwk uhvshf wwr d f r qqhf wlyh f ulwhulr q � r q W
�

hqoduj hv wkh vhj p hqwdwlr q sduwlwlr qv/ dqg uhgxfhv wkh er xqgdulhv r i wkh dvvr f ldwhg f odvvhv1

W| slf doo| / wklvsur shuw| vkrz v lwvhoi lq hgj hsuhvhuylqj � owhulqj v1 I lj 145 ghslf wvwkhehkdy0
lr u r i vxf k dq r shudwr u/ f doohg uhf r qvwuxf wlr q r shqlqj 1 Lwlv d ohyhovhwr shqlqj sdudp hwul}hg
e| d p dnhuixqf wlr q/ z klf k z r unv dv vkrz q lq I lj 144=lq wkh f ur vv vhf wlr qv r i i / wkh f r qqhf whg
f r p sr qhqwv duh suhvhuyhg z khq wkh| klwwkr vh r i j >dqg duh uhp ryhg z khq qr w1 Lq I lj 145/
wkh p dunhu j lv r ewdlqhg e| hur glqj wkh lqlwldolp dj h i =

Krz hyhu/ dq r shudwr u wkdwhqoduj hv wkh sduwlwlr qv p d| qr weh f r qqhf whg/ dv vkrz q lq wkh
f r xqwhu0h{ dp soh r i I lj 1461 Wkh glj lwdovsdf h ] � lv ht xlsshg z lwk wkh 70f r qqhf wlylw| 1 Wz r
sduwlf ohv [ dqg \ r i I lj 146d duh r ewdlqhg e| dsso| lqj wkh t xdvl0 dw}r qhv f ulwhulr q wr vr p h
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I lj xuh 45=d, Lqlwldolp dj h/ i vd| / r i d p r vdlf >e, p dunhu lp dj h/ l1h1 ixqf wlr q j r i uho1 +BB,1
I xqf wlr q j lv wkh hur vlr q r i wkh lqlwldolp dj h e| d glvf r i vl}h ir xu> f , uhf r qvwuxf wlr q r i i
iur p j l1h1vxsuhp xp � � +i , r i doosxovh r shqlqj v ir u wkh sxovhv � lqlwldolp dj h d,1

I lj xuh 46=Dq r shudwr u wkdwhqoduj hv wkh sduwlwlr qv z lwkr xwehlqj f r qqhf whg1

ixqf wlr q i +l1h1 wz r sr lqwv olh lq wkh vdp h f r qqhf whg f r p sr qhqwli dqg r qo| li wkh| duh olqnhg
e| r qh sdwk dwohdvwdor qj z klf k i ydulhv e| vwhsv r i � 4>3/ r u . 4,1 Wkh ydoxhv r i i dwsr lqw
| dqg dwlwv ir xuqhlj ker uv duh lqglf dwhg1 Fr qvlghudq r shudwr u# df wv r q wkh er dughusr lqw|
r qo| / dqg uhsodf hv i +| , e| wkh vp doohvwydoxh wkdwf r qqhf wv | wr vhw[ z lwkr xwglvf r qqhf wlqj
| iur p vhw\ / z khq vxf k ydoxh h{ lvwv/ dqg ohdyhv | xqf kdqj hg z khq qr w1 Rshudwr u# hqoduj hv
wkh sduwlwlr q/ vlqf h lwuhj ur xsv wkh wz r sduwlf ohv [ dqg \ / qhyhuwkhohvv/ ir u wkh vhwD r i
I lj 146e z h kdyh wkdw� +i >D, @4 > � #̂+i ,>D` @41

Wkhuhir uh vxssohp hqwdu| dvvxp swlr qv duh qhf hvvdu| ir u p dnlqj Sur sr vlwlr q 4< dq l�
f kdudf whul}dwlr q1 I r u h{ dp soh/ li � ixo� oov wkh f r qglwlr qv r i Gh� qlwlr q </ wkhq dq| r shudwr u
wkdwhqoduj hv wkh sduwlwlr qv lv f r qqhf whg1

7 Vwur qj o| F r qqhf wlyh f ulwhuld

Gr doof r qqhf wlyh f ulwhuld ohqg wkhp vhoyhv wr f r qqhf whg � owhuv/ vxfk dv wkh  dw}r qhv f ulwh0
ulr qB I r u dqvz hulqj wkh t xhvwlr q/ d qdwxudodssur df k f r qvlvwv lq vwduwlqj iur p r shqlqj v= e|
f r p sr vlwlr q z lwk wkhlu gxdoir up v/ wkh f or vlqj v/ wkh| doorz xv wr exlog xs d eur dg vshf wuxp
r i � owhuv1 Dqg vlqf h wkh f odvv r i wkh r shqlqj v lv f or vhg xqghu vxsuhp xp / z h f dq ir f xv r q
wkh vlp sohvwr qhv/ l1h1 wkh vr f doohg sxovh f r qqhf whg r shqlqj v/ z klf k duh dvvr f ldwhg z lwk wkh
sxovhv vxs0j hqhudwr uv r i W

�

1 Wkhvh hohp hqwdu| r shqlqj v ghulyh iur p wkh f odvv r i wkh gur s
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I lj xuh 47=Wz r f r xqwhu h{dp sohv ir u vwur qj f r qqhf wlyhqhvv1 d, hdf k r i wkh wz r gur sv v � dqg
v� j r lqj wkur xj k +{ >w, kdv d z dwhuvkhg f odvv dwsr lqw{ z klf k lv lwv r z q edvh> v � a v � kdv
wz r p lqlp d dqg lwv z dwhuvkhg f odvv dw{ vkulqnv +dqg wklv lqi lv qr or qj hu d gur s,1 e, wkh
mxp s f odvv r i wkh p lqlp xp r i i � lv D � / wkdwr i wkh p lqlp xp r i i � lv D � / kr z hyhu wkh f odvv
D r i wkh p lqlp xp r i i � a i � lv vp doohu wkdq D � ^ D � =

ixqf wlr qv1

Gh� qlwlr q 53 Gur sv= j lyhq d f ulwhulr q � r q W
�

/ d gur s v r i edvh D lv d ixqf wlr q v =H $ W
wkdwlv kr p r j hqhr xv ir u f ulwhulr q � r q vhwD/ dqg p d{ lp xp hovhz khuh

� v̂>D` @4 > { 5 D
�

@, v+{ , @p �

Lq dgglwlr q/ wkh p lqlp xp ixqf wlr q p � lv vxssr vhg wr eh d gur s/ l1h1 wkdw� p̂ � >H` @4=

D gur s v r i edvh D lv vdlg wr j r wkur xj k wkh sr lqw+{ >w, 5 H � Wz khq { 5 D dqg v+{ , @w1
Wkh sdluv +v>D, r i doogur sv j r lqj wkur xj k +{ >w, ehlqj r ughuhg e| wkh uhodwlr q

+v>D, � +v
�

>D
�

, / v � v
�

dqg D � D
�

> +53,

f ulwhulr q � lv vdlg wr eh vwur qj o| f r qqhf wlyh z khq wkh idp lo| r i wkh gur sv j r lqj wkur xj k sr lqw
+{ >w, 5 H � Wlv f or vhg xqghu wkh lq� p xp

a

�

+v�

� D � , @+
a

�

v�

� >
^

�

D � , +54,

Dowkr xj k d vwur qj o| f r qqhf wlyh f ulwhulr q lv f r qqhf wlyh/ wkh f r qyhuvh p d| eh idovh/ dv
ghslf whg lq I lj 1 471Z khq f ulwhulr q � lv vwur qj o| f r qqhf wlyh/ wkhq wkh idp lo| V�

� � r i doogur sv
j r lqj wkur xj k sr lqw+{ >w, 5 H � Wir up v d f r p sohwh odwwlf h vlqf h lwlv f or vhg xqghu lq� p xp
dqg dgp lwv ir u p d{ lp xp hohp hqw

v��� � +{ , @w > v��� � +| , @p � | 9@{ =

Vlp loduo| / j lyhq d ixqf wlr q i 5 W
�

/ d vwur qj o| f r qqhf wlyh f ulwhulr q � >dqg d sdlu+{ >w, 5 H� W/
z lwk w� i +{ ,>wkh idp lo| V�

� � +i , r i wkr vh ixqf wlr qv v 5 V�

� � vxf k wkdw

| 5 G � @, v+| , � i +| , +55,

z khuh G � lv wkh edvh r i gur s v/ lv d f r p sohwh vxe0odwwlf h r i V�

� � z kr vh wkh p lqlp xp hohp hqw
lv ghqr whg e| v�

� � +i , / dqg lwv d edvh/ e| G ����� � +i ,1
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Sur s r vlwlr q 54 Z khq f ulwhulr q � lv d vwur qj o| f r qqhf wlyh/ wkhq ir u hdf k +{ >w, 5 H � W /
wkh p dsslqj �

�

� � gh� qhg e| wkh wz r f r qglwlr qv

41 li w� i +{ , / wkhq �
�

� � +i , @p �

51 li w� i +{ , wkhq

�̂
�

� � +i , `+| , @ v̂�

� � +i , `+| , @^
a

i v> v 5 V�

� � +i , j `+| , z khq | 5 G
� ��� � +i , +56,

�̂
�

� � +i , `+| , @ p � z khq | @5 G � ��� � +i ,

lv dq r shqlqj / f doohg wkh sxovh r shqlqj dwsxovh l �

� � 1

I r u h{ dp soh/ lq f dvh r i wkh  dw}r qhv f ulwhulr q/ z klf k lv vwur qj o| f r qqhf wlyh/ wkh sxovh
r shqlqj dwl �

� � ir u ixqf wlr q i lv wkh p d{ lp xp f | olqghu r i khlj kwwz kr vh edvh f r qwdlqv wkh
sr lqw{ dqg z klf k lv vp doohu wkdq ixqf wlr q i 1

Sur sr vlwlr q 54 gr hv qr wwhoo xv z khwkhu sxovh r shqlqj v duh f r qqhf whg r shudwr uv1 Wkh
dqvz hu d sr vlwlyh/ xqghu d ihz uhvwulf wlyh dvvxp swlr qv=

Sur s r vlwlr q 55 Z khq W vwdqgv ir u U r u ] / dqg z khq wkh vwur qj o| f r qqhf wlyh f ulwhulr q �
lv W0wudqvodwlr q lqyduldqw+l1h1 � î >D` @4 / � î � w>D` @4>w5 W, / wkhq wkh sxovh r shqlqj
lv d f r qqhf whg r shudwr u/ dv z hoodv wkh p dunhg r shqlqj

� � +i , @
b �

�
�

� � +i , > l �

� � � j
�

+57,

r i p dunhu j =

Xqghuwkh gxdolw| i $ � i / wkh p dunhg r shqlqj v r i Uhodwlr q +57, lqgxf h p dunhg f or vlqj v1
Dv f r qqhf whg r shudwr uv duh f or vhg xqghuf r p sr vlwlr q/ r qh f dq ghvlj q ydulr xv f r qqhf whg � owhuv
e| f r p sr vlqj p dunhg r shqlqj v dqg f or vlqj v +lq p dwkhp dwlf dop r uskr or j | / wkh whup � owhu
lqglf dwhv dq lghp sr whqwlqf uhdvlqj r shudwr u,1 D yhu| sr sxodu r i wkhvh f r p sr vlwlr q sur gxf wv
lv f doohg ohyholqj 4̂3`1 I r u wkh vdnh r i vlp solf lw| / z h suhvhqwwklv qr wlr q iur p wkh elqdu| f dvh1

Vxssr vh vhwH wr sr or j lf do/ r i duf z lvh f r qqhf wlylw| F1 D vhwp dunhuP lv vdlg wr wr xf k vhw
D r i S+H, li P p hhwv D r u li r qh r i wkh f r qqhf whg f r p sr qhqwv r i P lv dgmdf hqwwr r qh r i
wkr vh r i D1Wkh r shudwr u � � =D $ ~xqlr q r i dooj udlqv r i D wkdwwr xf k P € lv d f r qqhf whg
r shqlqj 1 Wkh p dsslqj +D>P , $ � � +D, iur p S+H, 
 S+H, lqwr S+H, ehf r p hv/ e| gxdolw|
ir u wkh f r p sohp hqw/ wkh f or vlqj * � =D $ i f r p sohp hqwr i wkh xqlr q r i doosr uhv r i D

�

wkdw
wr xf k P

�

j 1 Wkh sur gxf wr i � � e| * ��� +dqg qr we| * � , gh� qhv wkh ohyholqj � � r i p dunhu
P / 5̂8`=

� � @� � * ��� @* ��� � � @� � ^ +~_ * ��� ,> +58,

z khuh v| p er o~ vwdqgv ir u f r p sohp hqwdwlr q1Wkh wz r idf wr uv r i wkh f r qqhf whg � owhu � � gr
f r p p xwh/ dqg wkh odvwht xdolw| h{ sodlqv z k| = lqghhg � � uhj ur xsv dooj udlqv wr xf khg e| � �

dqg doosr uhv � oohg xs e| * �
� / wz r vhwv z klf k gr qr wghshqg r q hdfk r wkhu1 Lq sduwlf xodu/

z khq p dunhu P lv lwvhoi d ixqf wlr q r i D/ l1h1 P @� +D,/ ir u vr p h vhoi0gxdor shudwr u � / wkhq
oh ohyholqj � ehf r p hv lq wxuq vhoi0gxdo1 Wkh h{ whqvlr q iur p vhwv wr ixqf wlr qv/ yld wkh ohyho
vhwv wudqvir up v/ lv vwudlj kwir uz dugv1 I lj 149 ghslf wv vxf k ohyhovhwv/ r u  dw/ ohyholqj v1
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8 K lhuduf k lhv dqg f r qqhf whg r s hudwr uv

D � owhulqj r shudwr u xvxdoo| ghshqgv r q d vl}h/ r u vf doh sdudp hwhu � / dqg ir u wkh vdnh r i
f r qvlvwhqf | / wkh idp lo| i # � >� A 3j kdv wr vdwlvi| wkh lqwhuqdo vwuxf wxuh r i d vhp l0j ur xs/
z klf k vwdwhv wkdwwkh f r p sr vlwlr q sur gxf w# � # � lv vwloolq wkh idp lo| 1 Li lq dgglwlr q/ z h z dqw
wkh # � wr eh lqf uhdvlqj dqg lghp sr whqwr shudwr uv/ wkhq wkh f r qyhqlhqwvwuxf wxuh lv wkdwr i d
P dwkhur q vhp l0j ur xs/ gh� qhg e| wkh odz

# � # � @# �����

�

�

�

� � � >� � 3/ +59,

z khuh wkh ydoxh � @3 lv dvvr f ldwhg z lwk wkh lghqwlw| r shudwr u1 E| f r p elqlqj Uhodwlr q
+59, z lwk Sur sr vlwlr q 4< z h � qg wkh ir oorz lqj qlf h ihdwxuh

Sur s r vlwlr q 56 Wr vd| wkdwd idp lo|
�

# �

� � � 3
�

ir up v dq lqf uhdvlqj vhp l0j ur xs r i f r q0
qhf whg r shudwr uv iur p S+H, lqwr lwvhoi lv ht xlydohqwwr vd| lqj wkdwwkh idp lo| i +� ># � ,>� � 3j
lv dq lqf uhdvlqj f kdlq +l1h1 d wr wdoo| r ughuhg vhw, lq wkh odwwlfh r i wkh f r qqhf wlyh f ulwhuld1
Wkhq wkh vhj p hqwdwlr qv r i dq| ixqf wlr q i 5 I df f r uglqj wr wkh +� ># � , *v lqf uhdvh z lwk � >
dqg wkhlu er xqgdu| vhwv ghf uhdvh z lwk � =

Sur sr vlwlr q 56 lv uhodwhg wr vr p h uhvxowv r i X1Eudj d0Qhwr 7̂ /̀ exwz lwk d f r qqr wdwlr q r i
vhj p hqwdwlr q khuh1 Rq wkh r wkhukdqg/ lwwxuqv r xwwr surylgh dq dqvz huwr wkh hslvwhp r or j 0
lf dot xhvwlr q %e| f r p sr vlqj d +qr q r swlp do, r shudwr uz lwk dq r swlp l}dwlr q sur f hgxuh/ gr z h
vwloor ewdlq vr p hwklqj wkdwf dq eh f doohg r swlp doB%Wkh dqvz hu lv sr vlwlyh/ lq wkh f r qglwlr qv
r i wkh sur sr vlwlr q/ dqg p dnhv suhf lvh wkh vhqvh r i yduldwlr q r i wkh sur gxf wr swlp xp dv d
ixqf wlr q r i � =Lq wkh ixqf wlr qdodssur df k/ d vlp lodu sdudp hwhu � dsshduv ir u h{ dp soh z khq
edodqf lqj wkh whup %� � shulp hwhu r i wkh sduwlwlr q%dj dlqvwd vsdf h lqwhj udowkdwlqf uhdvhv
z lwk wkh dp hqglqj h� hf wr i #1 Exwwkh uhvxowlqj sduwlwlr qv duh qr wr ughuhg1 Khuh/ wkh uh0
gxf wlr q kr ogv r q wkh er xqgdu| vhwlwvhoi/ dqg qr wr q lwv p hdvxuh/ z klf k f dq eh lq� qlwh1 Wkh
sudf wlwlr qhuv r iwhq wdnh dgydqwdj h r i vxf k d s| udp lgdovwuxf wxuh wr f uhdwh v| qwkhwlf sduwl0
wlr qv wkdwer uurz wkhlu f r qwr xuv wr gl� huhqwohyhov r i wkh klhudufk| 4̂; /̀ +ir uh{ dp soh/ d vp doo
ghwdlolv nhswdwd orz ohyho/ dqg sur sdj dwhg wr d klj khu r qh=wklv f dq z r un z hooehf dxvh wkh
er xqgdulhv r i wkh vp dooghwdlop lvv wkr vh r i wkh oduj hu sduwlwlr q,1

Krz wr f kr r vh wkh i # � j idp lolhv vr wkdwwkh| vdwlvi| P dwkhur q vhp l0j ur xsvB Wkh vlp sohvw
z d| f r qvlvwv lq vwduwlqj iur p wkh f dvh r i wkh r shqlqj v dqg ghulylqj wz r r wkhu klhudufklf do
idp lolhv=

41 doovht xhqf hv i � � > � A 3j r i +f r qqhf whg r u qr w, ghf uhdvlqj r shqlqj v/ dqg e| gxdolw|
wkh vht xhqf hv r i lqf uhdvlqj f or vlqj v i * � > � A 3j / vdwlvi| wkh vhp l0j ur xs Uho1+59,>wkh
i � � j +uhvs1i * � j , idp lolhv duh f doohg j udqxor p hwulhv +uhvs1 dqwl0j udqxor p hwulhv,>

51 Fr qvlghu wkh f r p sr vlwlr q sur gxf wP � @*
�

�
�

===*
�

�
�

* � � � / z khuh i �
�

j lv d f r qqhf whg
j udqxor p hwu| / dqg i *

�

j d f r qqhf whg dqwl0j udqxor p hwu| 1 Wkh P � duh � owhuv/ f doohg do0
whuqdwlqj vht xhqwldo � owhuv +DVI , / dqg wkh i P � > l d sr vlwlyh lqwhj huj idp lolhv vdwlvi|
P dwkhur q vhp l0j ur xs ht xdwlr q +59,/ 5̂9 /̀ 4̂<`>
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I lj xuh 48=d, lqlwldolp dj h r i Dowhd +Vsdlq, e, dqg f , Vht xhqwldodowhuqdwlqj � owhuv e| uhf r q0
vwuxf wlr q/ df wlqj r q %Dowhd%lp dj h1 Er wk vht xhqfhv ehj lq e| wkh xqlwr shqlqj / vht xhqfh e,
vwr sv dwvl}h ir xu dqg f , dwvl}h vhyhq1

61 Dq| ohyholqj +58, ghshqgv r q d p dunhu sdudp hwhu P 1 Rughu wkh p dunhuv e| df wlylw| /
e| vwdwlqj wkdwP � lv p r uh df wlyh wkdq P � z khq/ ir u doovhwv D/ p dunhu P � klwv er wk
p r uh j udlqv dqg p r uh sr uhv r i D wkdq P � gr hv +r qh z ulwhv P � 7 P � ,1 Wkh idp lolhv r i
ohyholqj v z klf k duh sdudp hwul}hg e| df wlylw| vdwlvi| wkh P dwkhur q vhp l0j ur xs

� � � � 3 , P � 7 P � , � ��� � ��� @� ��� � ��� @� ��� >

z klf k doorz v xv d suhf lvh f r qwur or i wkhlu dp hqglqj h� hf w 5̂8`1

Z h f dq looxvwudwh wkh gl� huhqf h ehwz hhq wkh odvwwz r w| shv e| f duu| lqj r q z lwk %Dowhd%
h{ dp soh1 I lj 148 ghslf wv wkh wz r ohyhov r i dq D1V1I 1s| udp lg i P � > l A 3j / ir u l @7 dqg l @: 1
Lq wkh vht xhqf h P � / wkh r shqlqj �




/ z lwk m� l>f r qvlvwv r i wkh hur vlr q %
 e| dq kh{ dj r q r i
vl}h mir oorz hg e| wkh uhf r qvwuxf wlr q wkdwxvhv %
 dv p dunhu1

D gudz edfn r i wkh deryh +vht xhqwldor u qr w, dowhuqdwlqj � owhuv wkhlu sur shqvlw| wr uhgxf h
wkhf r qwudvwv1D vhf r qg z hdnqhvv r i wkhvh � owhuv lvwkdwwkh| idyr xuvkdus z klwh}r qhv r uvkdus
gdun r qhv df f r uglqj dv wkh| ehj lq z lwk dq r shqlqj r u d f or vlqj 1 Wkdwf dq eh dq dgydqwdj h
r u qr w/ ghshqglqj r q wkh f r qwh{ w1 Xqolnh/ wkh ohyholqj klhudufklhv ehf r p h vhoi0gxdodv vr r q
dv wkhlu p dunhuv duh wkhp vhoyhv vhoi0gxdo1

Wkhvh f r p p hqwv r ulhqwxv wrz dugv ohyholqj v klhudufklhv/ dqg vxj j hvwz h wdnh dv p dunhuv
ir u %Dowhd%lp dj h wkh p r vwvlj ql� f dqwh{ wuhp d/ dqg wkdwz h suhvhuyh wkhp 1 Wkh vhoi gxdo
p dunhu p �

� lv r ewdlqhg e| uhsodf lqj i e| }hur r xwr i wkh p d{ lp d dqg p lqlp d r i i z lwk d
g| qdp lf v A ; 3/ +ryhu 589 j ud| ohyhov, dqg e| ohdylqj i xqf kdqj hg r q wkhvh h{ wuhp d +wkh
p d{ lp d r i i z lwk d g| qdp lf v A n duh wkr vh z klf k hp huj h dwp r uh wkdq n deryh wkh � uvw
vdggoh sr lqwz khq j r lqj gr z q1 Wkh| duh r ewdlqhg e| wkh f r qqhf whg r shqlqj � ���	� +i , r i i e|
p dunhu i � n/ z khuh n lv d sr vlwlyh f r qvwdqw,1

Wkhf r uuhvsr qglqj ohyholqj lvghslf whg lq I lj 149d1Wkhwh{ wxuhr i wkhvhd lvp r uhsuhvhuyhg
wkdq z lwk wkh suhylr xv DVI / exwwkh vhd f odvv lv r yhu0vhj p hqwhg1 Wkh ohyholqj klhudufk| p d|
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I lj xuh 49= Ohyholqj v r i Dowhd lp dj h ir u wkh  dw}r qhv f ulwhulr q � 1 Lq d, wkh p dunhu lv p � � /
dqg lq e, p �

�

� =

eh looxvwudwhg dv ir oorz v1 Wdnh wkh wudqvir up lp dj h I lj 49d dv d qhz lqlwldo lp dj h/ dqg
f r p sxwh lwv  dwohyholqj ir u wkh p dunhu p �

�

� p dgh r i dooh{ wuhp d z lwk d g| qdp lf v A 563=
Lwuhvxowv lq I lj 149e1 Dv ohyholqj v vdwlvi| Uho1+59,/ wkh lp dj h ghslf whg lq I lj 149e z r xog kdyh
ehhq wkh vdp h dv li z h kdg gluhf wo| f dof xodwhg wkh ohyholqj r i wkh lqlwldolp dj h i ir u p dunhu
p �

�

� 1

Ohyholqj +i @p �

�

� , @Ohyholqj Ôhyholqj +i @p �
� ,@p �

�

� ` @Ohyholqj Ôhyholqj +i @p �

�

� ,@p �
� `=

Wkh sur j uhvvlyh ohyholqj df wlr q dsshduv f ohduo| z khq f r qiur qwlqj I lj 149d dqg e1 Qr wlf h
wkhuhodwlyho| f r uuhf wsuhvhuydwlr q r i vr p h � qhghwdlovdqg er ughuolqhv/ z klf k duhnhswehf dxvh
r i wkhluklj k g| qdp lf v/ xqolnh r wkhuhohp hqwv +wh{ wxuhv/ r ud kr xvh qhduwkh vhd/ ir uh{ dp soh,
wkdwf r p sohwho| ydqlvk1

9 F r qf oxvlr q

Z h dvnhg r xuvhoi wkh t xhvwlr q der xwwkh vhj p hqwdwlr q r i d vsdf h z khuh d sk| vlf doyduldeoh
vsuhdgv r xw/ l1h1 der xwwkh oduj hvwsduwlwlr q r i wklv vsdf h lqwr kr p r j hqhr xv uhj lr qv1 Z h
vkrz hg wkdwwkh sur eohp dgp lwv d oduj hvwvr oxwlr q z khq wkh f ulwhulr q df f r uglqj wr z klf k wkh
uhj lr qv duh vdlg kr p r j hqhr xv lv f r qqhf wlyh/ l1h1 z khq lwj hqhudwhv f r qqhf wlr qv ryhu doowkh
vxevhwv z khuh lwlv vdwlv� hg/ dqg xqlt xho| lq wkdwf dvh +Wkhr uhp : ,1 Vxusulvlqj o| / wkh lghd
r i d f r qqhf wlr q/ z klf k z dv er uq lq wkh gl� huhqwf r qwh{ wr i p r uskr or j lf do� owhulqj / wxuqv r xw
wr eh wkh h{ df wf r qyhqlhqwwr r o ir u wkh vhj p hqwdwlr q sxusr vh1 Z h f r xog ghulyh iur p wklv
lghqwl� f dwlr q wkdwwkh vhj p hqwdwlr q f ulwhuld ir up d f r p sohwh odwwlf h z khuh vxs dqg lqi sur 0
ylghg r swlp dosduwlwlr qlqj z lwk d suhf lvh p hdqlqj / dqg doorz hg xv wr f r p elqh vhj p hqwdwlr qv
e| lq� p d/ dqg e| lwhudwlr qv +sduwldovhj p hqwdwlr qv,1 Lq dgglwlr q/ e| lqwur gxf lqj f r qqhf whg
r shudwr uv/ z h duh deoh wr p dqdj h f r p sr vlwlr q sur gxf wv ehwz hhq vhj p hqwdwlr qv dqg � owhuv1

E| vr gr lqj / z hglg qr wwu| dqg glvf r yhud j hqhudovhj p hqwdwlr q sur f hgxuh/ z klf k sur edeo|
gr hv qr wh{ lvw1 Udwkhu/ z h ir f xvhg r q wkh f r qglwlr qv f ulwhuld p xvwixo� oo ir u ghf r p sr vlqj
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d f r p soh{ vlwxdwlr q lqwr vhuldo r u sdudooho wdvnv1 Grz qvwuhdp / wkh fkr lf h r i vxf k r u vxf k
f ulwhulr q eulqj v z lwk lwwkh ydulr xv vshf l� f v1 Vr p h t xhvwlr qv uhf hlyhg khuh sr vlwlyh dqvz huv =

� Lq wkh odwwlf h dssur df k z h dgr swhg khuh/ wkh xqlt xhqhvv r i wkh vhj p hqwdwlr q/ dv dq
r swlp dosduwlwlr q/ lv hqvxuhg dv vr r q dv wkh lqyr oyhg f ulwhuld duh f r qqhf wlyh1 P r uhryhu
wklv vhj p hqwdwlr q kr ogv qr wr qo| r q wkh � hog r i wkh lp dj h xqghuvwxg| / exwdovr r q hdfk
r i lwv vxe0}r qhv/ dv vwdwhg e| wkhr uhp : / wkh f hqwudouhvxowr i wklv sdshu1

� Wkh Hxf olgldq2Glj lwdo dowhuqdwlyh qr or qj hu h{ lvwv1 J lyhq d wr wdoo| duelwudu| vhwH/
wkh vhwS+H, wxuqv r xwwr eh d vx! f lhqwo| gh� qhg lqsxwvsdf h1 Wkh dgydqwdj hv r u wkh
gudz edfnv r i U � yhuvxv ] � duh wudqvihuuhg wr wkh vshf l� f f ulwhuld1

� Wkh vhj p hqwhg f odvv dwsr lqw{ lv doz d| v uhdfkhg e| h{ whqvlr q/ l1h1 e| xqlr qv r i r i
kr p r j hqhr xv }r qhv wkdwf r qwdlq wkh sr lqw{ 1 Wkhuhir uh/ wkh vhj p hqwdwlr q f odvvhv duh
lqghshqghqwr i wkhlu or f dwlr q lq wkh p hdvxulqj � hog/ dvvxp lqj wkdwd f r qyhqlhqwqhlj k0
er ukr r g lv h{ shulp hqwdoo| df f hvvleoh +Sur sr vlwlr q ; ,1

� E| f r xsolqj dgdswhg � owhuv z lwk vhj p hqwdwlr q/ vf doh vsdf h klhudufklhv duh exlowxs/
z lwk uhvshf wwr qr q0olqhdu vhp l0j ur xsv lq sduwlf xodu1 Wkh| duh lghqwl� hg wr vht xhqf hv
r i lqf uhdvlqj f ulwhuld +Sur sr vlwlr q 56,1
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