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Liquid crystals

A multi-billion
dollar industry.

An intermediate
state of matter
between liquids
and solids.

Liquid crystals flow like liguids, but the constituent
molecules retain orientational order.



Liquid crystals (contd)

Liquid crystals are of many different types, the main
classes being nematics, cholesterics and smectics

Nematics consist of rod-like molecules.
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Electron micrograph
of nematic phase

http://www.netwalk.com/~laserlab/Iclinks.html
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http://www.laynetworks.com/Molecular-Orientation-in-Liquid-Crystal-Phases.htm



The mathematics of liquid crystals involves modelling,
variational methods, PDE, algebra, topology, probability,
scientific computation ...

There are many interesting dynamic problems of liquid
crystals, but we shall only consider static configurations
for which the fluid velocity is zero, and we only consider
nematics.

Most mathematical work has been on the Oseen-Frank
theory, in which the mean orientation of the rod-like
molecules is described by a vector field. However, more
popular among physicists is the Landau - de Gennes
theory, in which the order parameter describing the
orientation of molecules is a matrix, the so-called Q-
tensor.
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Plan

Introduction to Q-tensor theory. The
Landau - de Gennes and Oseen-Frank

energies.

Relations between the theories.
Orientability of the director field.

The Onsager/Maier-Saupe theory and
eigenvalue constraints.



Review of Q-tensor theory

Consider a nematic liquid crystal filling a con-
tainer Q c R3, where Q is connected with Lip-
schitz boundary 0f2.
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Molecular orientations

P

Line through origin parallel to p
is an element of RP2.

Can identify with the pair {p, —p}
of antipodal unit vectors or the

- p matrix p @ p, (p ® p)ij = pip;-



The distribution of orientations of molecules
in B(xp,0) can be represented by a probabil-
ity measure on RP2 that is by a probability
measure u on the unit sphere S2 satisfying
uw(E) = u(—E) for E C S2.

For a continuously distributed measure

du(p) = p(p)dp, where dp is the element of
surface area on S2 and p > 0, [¢2 p(p)dp = 1,
p(p) = p(—p).

The first moment [q2pdu(p) = 0.

The second moment

M = /Szp®pdu(p)

IS @ symmetric non-negative 3 x 3 matrix
satisfying trM = 1.






The de Gennes (Q-tensor
& = M — Mo

measures the deviation of M from its isotropic
value.
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Energetics

Consider a liquid crystal material filling a con-
tainer Q ¢ R3. We suppose that the material
IS incompressible, homogeneous (same mate-
rial at every point) and that the temperature
IS constant.






The domain of y

For what @, D should ¥ (Q, D) be defined?
Let £E={Q e M3*3:Q =01, trQ =0}

D ={D = (Djj) : Dijx = Djjk, Dgri = O}.
We suppose that ¥ : domy — R, where

dom = {(Q, D) € £ x D, (@) > —3},

But in order to differentiate ¢ easily with re-
spect to its arguments, it is convenient to ex-
tend ¢ to all of M3%3x(3rd order tensors). To
do this first set v (Q,D) = « if (Q,D) € € x D
with some X;(Q) < —3.



Then note that

1 1
PA = 5(A ATy — 5(tr Al

is the orthogonal projection of M3%3 onto &.
So for any , D we can set

v(Q, D) =¢(PQ, PD),

where (PD);j;, = 5(D;jk + Djir) — 3Duibi;-

Thus we can assume that v satisfies for (Q, D) €

dom

o _ 0w 0w _
0Qi; 0Qj; 0Q |
oy o oy 0

OD;;;, 0Dy ODyi



Frame-indifference
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Material symmetry
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Bulk and elastic energies

We can decompose ¢ as

Yp(Q) + ve(Q, D)
bulk 4 elastic
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—xamples of isotropic functions quadratic
in V@

11 = Q45 Qi ky 12 = Qi Qijk
I3 = Q;; kQijky 12 = QuiQi;1Q4; k
Note that
I — I = (QiQir k), — (QijQik. i) k

IS a null Lagrangian.






The constrained theory

If the L; are small , it is reasonable to consider
the constrained theory in which @ is required
to be uniaxial with a constant scalar order pa-
rameter s > 0, so that

st(n@)n—%l).

(For recent rigorous work justifying this see
Majumdar & Zarnescu, Nguyen & Zarnescu.)
In this theory the bulk energy is constant and
so we only have to consider the elastic energy

1@ = | ¥u(Q,VQ)da.



Oseen-Frank energy

B & (

I(n) :/Q[Kl(diVn)2 Ko(n - curln)? 4+ Ks|n x curlnl|?
+ (K7 + Ka)(tr(Vn)? — (divn)?)] dz,

where

K1 =2L15% 4+ Lps? + L3s? — 5Ly,
K2 — 2L182 — %L483,

K3 = 2Lys? + Lps? 4+ L3s? 4 5L4s3,
Ka = Las?.



Function Spaces
(part of the mathematical model)

Unconstrained theory.
5 %
%



Constrained theory.

For 1 < p < oo the Sobolev space WIP(Q, RP?)
is the set of Q = s(n®n — %1) with weak
derivative VQ satisfying [o |[VQ(x)|Pdx < oo.

Thus for the Landau - de Gennes energy den-
sity, the space of ) with finite elastic energy is
wl2(Q RP?).



Schlieren texture of a nematic film with surface point defects (boojums).
Oleg Lavrentovich (Kent State)




Possible defects in constrained theory

#

Hedgehog n(zr) = m

) % #

* *%



Disclinations

nQeWlrPel1l<p<?
Infinite energy for quadratic models



Index one half singularities

Zhang/Kumar 2007
Carbon nano-tubes
as liquid crystals




Existence of minimizers in the
constrained theory

Immediate in W12(Q, RP?), for a variety of
boundary conditions, under suitable inequali-
ties on the L;, since v is then convex in V@
and coercive and the uniaxiality contraint is
weakly closed.



The equilibrium equations (JB/Majumdar)

Let (Q be a minimizer of

Q) = | ¥p(Q,VQ)da

subject to Q € K = {s(n®n — %1) ' n € S2}.
Considering a variation

Qa:s([n—l—sa/\n]@[n—l—ea/\n] —ll),

In 4+ ea A nl|? 3

with a smooth and of compact support, we get
the weak form of the equilibrium equations

ZQ = QZ,

0 0 :
where Z;; = %Z — 3?%81})@?1@ (v symmetrized).




Can we orient the director? (JB/Zarnescu)

We say that Q = Q(x) is orientable if we can
write

Q@) = s(n(x) @ n(@) - 1),

where n € WHP(Q, S?).

This means that for each £ we can make a
choice of the unit vector n(z) = +7(x) € 52 so
that n(-) has some reasonable regularity, suf-
ficient to have a well-defined gradient Vn (in
topological jargon such a choice is called a
lifting) .



Relating the Q and n descriptions

Proposition

Let Q = s(n®n — %1), s a nonzero constant,
in| =1 a.e., belong to WbhP(Q: RP2) for some
p, 1 <p<oo. If nis continuous along almost
every line parallel to the coordinate axes, then

n € WHP(Q,S?) (in particular n is orientable),
and

" ke = Qij kM-



Theorem 1
An orientable ) has exactly two orientations.

Proof

Suppose that n and ™ both generate ) and
belong to Whl(Q,S2), where 72(z) = 1 a.e..
For a.e. xo,x3, both n(x) and 7(x)n(x) are
absolutely continuous in 1. Hence

T(z)n(z) -n(z) = 7(x)

IS continuous in 1. Hence the weak partial
derivative 71 exists and is zero. Similarly 72,73
exist and are zero. Thus Vr = 0 a.e. in €.
Hence =1 a.e. or = —1 a.e..



A smooth nonorientable director field
In @ non simply connected region.




The index one half singularities are non-orientable

_
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(See also a recent topologically more general lifting result
of Bethuel and Chiron for maps u:W N.)

Thus In a simply-connected region the uniaxial de
Gennes and Oseen-Frank theories are equivalent.

Another consequence is that it is
Impossible to modify this Q-tensor
field in a core around the singular
line so that it has finite Landau-de
Gennes energy.



Ingredients of Proof of Theorem 2

Lifting possible if Q Is smooth and W simply-
connected

Pakzad-Riviere theorem (2003) implies that if W
Is smooth, then there Is a sequence of smooth
QU converging weakly to Q in W12

We can approximate a simply-connected

domain with boundary of class C by ones that
are simply-connected with smooth boundary

The Proposition implies that orientability is
preserved under weak convergence



2D examples and results
for non simply-connected regions
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Tangent boundary conditions
on outer boundary. No (free)

boundary conditions on inner
circles.






For M large enough
the minimum energy
configuration Is
unoriented, even
though there is a
minimizer among
oriented maps.

If the boundary
conditions
correspond to the
Q-field shown, then
there is no
orientable Q that
satisfies them.
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Existence for full Q-tensor theory
5 , A
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The Onsager model
(Joint work with Apala Majumdar)
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The Euler-Lagrange equation for J
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Consequences

H
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Voir http://www.maths.ox.ac.uk/~ball
sous teaching pour les diapositives



The end



